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I Introduction

" This note descrihés a linear time algorithm for findiné two linesy
Ll and L2, in the plane such that they divide a set S of n=4m, m 0,
points into four equal subsets, i.e., exactly one fourth of the points
lie in one quadrant. It turns ocut that this problem is not easier even
if one of these'two‘lines is given. In tﬁe following, we shall assume
Ll is given. It is not difficult to see that we can obtain Ll by
choosing a vertical line passing through the median of x-values of the
points or a lime passing through the median of the polar angles of the
points wiéh respect to a fixed point outside of the convex hull of the
set of points,

The algorithm described here is based on the geometric duality
transform between points and lines in the plame through a unit circle.
A point P in the plane with (a,b) as coordinates is said to be the dual
of the line IP : ax + by + 1 = 0 and vise versa[CGL]. Assume without
loss of generélity that the origin, O, of the unit circle is external to
the comnvex hull of the set of the points. To simplify the problem, we

let one of the lines, say tl which divides the points into two equal

halves, pass through 0. We shall search for a line L2, which divides

* This work was done while the aurthors are on leave from Dept. of EECS,
Northwestern University, Evanston, IL 60201.
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those two sets of points on both sides of L, into two equal subsets

1
respectively (Fig-1).

We transform the points of S into a set IS of!lines‘in the dual
plane and let L1 be the Y-~axis and O be the origin .of our new
XY~coordinate system in the dual plane. Since Ll divides the points
into two equal subsets, half of the lines in the dual plane have
negative slopes and the other half have positive slopes with respect to

the new coordinate system.

Let the dimage of L, be IL.. The system has the following

2 2
properties : The images of the points to the right of line L1 have
negative slopes. A point in this set which is above or below L2 has the
image intersecting the directed line 6?12 below or above IL2

respectively. The same thing happens to the points to the left of line

L1 except that they have positive slopes. Given a line L3 which has

The line L3 and the line OIL2 passing

congtitute a new coordinate system and the resulting

slope 0 and passes through ILZ'

through 0 and IL2

four quadrants are denoted Qi’ ¥1,2,3,4(Fig-2). Let QSi, =1,2,3,4,
denote the set of lines in IS which do not pass through the quadrant Qi'
The set IS of lines in the dual plane is called 'balanced' with respect

to L3 and SIEZ if ,QSi]= nf4, +1,2,3,4. Thus the problem of

partitioning a set S of points in the plane is equivalent to the problem
of finding the coordinate system  for the set IS of lines such that IS
is balanced with respect to the coordinate system.

Let the set of points to the left (right) of L1 be denoted SL (SR)

and the set of images of‘SL (SR) be denoted ISL (ISR). Let P be a point

in the dual plane. The point Pt is a 'center' for IS. and IS if for

L R’

all lines passing through P, there are at least one fourth of the



intersection points with ISL and ISR respectively that are on one side
of the line.

The meéian chain for the set ISL of lines is defined as the
following : Draw a line L passing through O. Among the intersections of
L with the lines im ISL, we say Pi precedes Pj if (1) Yi>0 and Yj{O, (2)
Yi<Yj if Yi*Yj>O, (3) XiCXj if Yi=Yj=O. Fig~3 illustrates the ordering
of the points. Given an ordered list of the intersection points, we
have a median. The median chain is the union of the medians of the
ordered lists obtained by rotating the line with pivot at 0. The p'th
chain of,ISL is defined in a similar manner except that it ?s the union
of p'th intersection pointé. Let Fi(X)== aiX + C s +#1,2, ...,n, be a
set of linear functions. The maximum envelope is the union of max(Fi(X))
for all x. Thus the origin of the unit circle is above‘the maximum
envelope of the set of lines. Therefore if we sweep a vertical line
from left to right and define the ordering of the intersections in their
y-values, we can.obtain the same median chain as obtained by rotating a
line with pivot at 0. For simplicity of computation, we shall use a
vertical line in subsequent procedures. Since the line in ISL (ISR) has
positive (negative) slope, if we sweep a line from left to right, the
median chain of IS (ISR) . always goes wupward (downward). The

L
intersection Pt of the median chain of ISL and ISR can be used as the
center. Since the set IS of lines is balanced with respective to the
coordinate system with Pt as the origin and the horizontal line passing

through Pt and the line OPt as the coordinate axes. Therefore, from now

on, we shall look for tHe intersection of the two median chains.
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Lemma 1 : There is exactly one intersection of the two median chain in
the dual plane.

Proof From left to right, one chain goes upward and the other goes

downward, so these two chains must intersect. Since these two sets of

lines have disjoint slopes, they can intersect only once (Fig-4). The

lemma follows.

II The Algorithm

We give a gemeral algorithm that finds the intersection of the p'th
chain and q'th chain of two sets of lines having disjéint slopes without
computing the  whole chains. We shall use  prune-and-search
approach[LP,M] in which we drop a fraction & of n lines in each
iteration in O(n) time so that the total run time is O(n). That is, 1if
T(n) denotes the time require for this task, and have T(n) = T{(1-)n) +
0(n), for some 04A41, which is O(n)[AHU,M}. For this preoblem, we are
gearching for the intersection of two median chains. Tﬂus, in the first
iteration, we let p and q denote the median chains of the two subsets of
lines. Subsequently, since we have dropped several 1lines 1in each
iteration, we shall solve the subproblem of finding the intersection of
the p'th chain and q'th chain of two subsets of lines instead of the
intersection of two median chains. We describe the first iteration
only, since the remaining iterations are similar.

Let us make the following observation. Draw a vertical line to the
left of the center. The intersectiom of the wvertical line with the
median chain of IS, is higher than that of ISL(Fig—S). Note that the

R

intersection of a vertical 1line with the median chain of ISL (ISR) can
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be obtained by selecting the median of the intersections of the vertical
line and the lines in.ISL (ISR). That is, we may answer the location of
the center being to the left (right) of a given vertical line in linear
time. We shall work on the line in ISL first. To select the vertical
line LV, we divide ISL into two subsets by - the median slope and form
pairs of lines from these two subsets, one line from the set with larger
(than the median) slopes of lines and the other is from the set with
smaller slopes, Let LV be a 1line passing through the median (in
¥-value) of the intersections of the pairs of lines(Fig-6). Suppose
that the center is te the right of LV. We now work on the pairs of
lines whose intersections are to the left of LV. Let M{ denote this
subset of lines. ©Note that, the number of lines in ISL is n/2, sorthe
number of lines in MX is n/4.

We shall _;earch for a line IM intersecting LV so that by
determining on which side of IM the center lies, we can drop a fraction
of lines. Among the interseciions of LV with the lines in MX, lef MP be
the median (in ?Lvalue) of them., We draw a line IM with the median

slope of IS, and passing through MP.

L
Lemma 2 : There are at least one fourth of the lines in MX (n/16) that
are totally above or below LM in the half-plane to the right of LV.
Proof Since MP is the median of the intersection points, for a pair of
lines not totally separated by LM in the half-plane to the right of LV,
there exists another pair of lines on the other side of LM (Fig-7).

If the center is above LM, i.e., the center lies in the right upper

quadrant, then the center does not lie on the lines totally below



LM(Fig-8). So we can drop those lines becau;e they will not affect the
answer. Note that the number of Ilines that can be dropped is at least
n/1é6.

The algorithm that deterﬁines on which side of LM the center lies
is based on the following observationm,

The slope of LM is the median of ISL so it must be positive. The

slopes of the line segments on the median chain of IS. are negative, LM

R
and the median chain of ISR can intersect at ome point. Let Pt be the
intersection of IM and the median chain of ISR. Point Pt divides the
chain into two subqhaips._ There is only one center which must lie on
one of the subchains so that by locating fhe ceneter with respect to a
vertical line passing.through Pt, we can answer the location of the
center with respect to LM (Fig-9). It is easy to see that this process
takes 0(n) time.

We shall apply the procedures stated above to ISR’ After this
iteration, we «can drop at least n/l6 1ines from ISL and ISR
respectively. The number of lines that have been dropped is n/8.
Depending on how the lines are dropped in the first itergtion, we update

p and g accordingly in the next iteration. That is, if we have dropped

r lines, rzn/16. The number p in the next iteration is n/4 - r.

Theorem : The center for two sets of lines with disjoint slopes can be
obtained in G(n).

As a result of the theorem, we have the following corollary.




Corollary : Partitioning a set of points in the plane into four subsets

of the same size can be solved in 0(n).

To summarize the algorithm, the pseudo code is as the following:

Program partition (S,Ll,Lz);
/* 8 is a set of points */ 7
/* Ll’LZ are two lines that divide the set of points into four

equal subsets */

Procedure test center (LN,LD); '
/* LN is a set of lines which will be dealed with */
/* 1D is a set of lines which will be dropped #*/
begin
select the median slope of LN;
form pairs for the set LN;
solve the intersection pdints for all pairs;
search LV for LN; .
determine the location of the center to LV;
solve all the intersections of LV with the surviving lines;
gsearch MP and LM;
determine the location of the center to IM;
LD := the lines in LN which can be dropped;

end;

Procedure center (ISL,ISR,p,q,CTR);
/* ISDL is a set of lines which can be dropped */
/* CTR is the center in the dual plane */
test center (ISL,ISDL);
test center (ISR,ISDR);
ISL 1= IS - ISD_ ;

L L’
IS, := IS, - ISD;
if (ISL 2} or (ISR 2)



then CTR := the answer

else
begin
update p,q accordingly;
center (ISL,ISR,p,q);
‘end
end;
begin

obtain Ll;

transform § to L; /*# L is a set of lines in the dual plamne */
divide L into ISL and ISR;
P := median;
q = median; 7
center (ISL,ISR,p,q); '
L2 := the dual of CTR:
end.

Applications

.l. An O(nlogn) time algorithm to create the quad—tfee.

Quad-tree is a data structure for half-planar range query. The
algorithm stated above takes 0O(n) for each iteraticn. TFor the second
iteration, we shall solve four subproblems each with one fourth of the
original size. That is, T(n) = 4*T(n/4) + O(n). The total complexity is

0{nlogn).

2. Linear time algorithm for the 'center' of a set of points in the
plane,

The 'center' here is defined as a point in the plane such that for
all lines passing through this point, at least ome fourth of the points

are on one side of this line[Y].



In [Y]), it takes O(nz) to locate the 'center'. As a result of the

corollary, we have an O(n) optimal algorithm.
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