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Prologue

This paper is written in TEX eplain, and compiled using pdf.tex. This was done so that links and
colors would be available without the restrictions of LaTex.

There are some symbols used here which are not universally standard. The most common are the
following:

XAY
for the set complement of a subset Y of a set X,
A=B
for the statement: A is defined to be B,
¢(x
for the value of a function ¢ at one of its arguments x,
'3

, respectively,

?) and
for the domain and range, respectively, of a function ¢,
?bh S) = {¢(x) :xeS}

for the image of a subset S of the domain of a function ¢,

P|XoyY
for a function from a set X into a set Y,
N
for the set of natural numbers 1, 2, 3...,
—
a,b

for the line determined by two distinct points a and b of a projective space,
n={12...n}
for the set of the first n positive integers,
xY
for the family of all functions from a set Y to a set X and
Y
for the family of all bijections from X onto Y .

We also use a few non-standard terms. As a “singleton” refers of a set with exactly one element, a
doubleton shall be a set with exactly two elements, a tripleton shall be a set with exactly three elements
and a quadrupleton shall be a set with exactly four elements.

Some of the material in these papers appeared originally in http://vixra.org/abs/1306.0233 , and several

mistakes in that paper have been rectified here.
The author can be reached at KellyMack@Proton.Com .
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1. Introduction

(1.1) Purpose In the monograph The Projective Line as a Meridian we dealt with the structure

of a meridian, or one-dimensional projective space. What makes one meridian different from another is its
group of homographies. Here our attention is focused on this family of homographies and its structure. In
the case of the circle meridian — the meridian of which the associated field is the field of real numbers — this
structure is closely related to the geometry of a circular hyperbola in euclidan 3-space. Furthermore, this
example provides considerable motivation for the general theory.

Before we commence however, we shall review a part of what was covered in the previous mongograph

about meridians.

(1.2) Definitions of a Meridian A meridian M is a set of cardinality at least 4, with a group
G of permutations, called homographies, such that the following three conditons are satisfied:

(V{a,b,c} CM and {x,y,z} CM tripletons)(I! p€G) o¢(a)=x, ¢(b)=y and ¢(c) =z, (1)
(V{a,b,c} CM a tripleton)(3!' p€G) ¢(a)=b, ¢(b)=c and Popododp=1y (2)
and (Voeg: (3{a,b}CM a doubleton) ¢(a) =b and ¢(b) =a) ¢op=1y (3)

(where 1 is the identity function on M). The set G is said to be a meridian group of permutations of
the set M.

A meridian family M of involutions on a set M is a family of self-inverse permutations of M for
which the following three conditions hold:*

(V{a,b} CM a doubleton) (¥ {c,d} CM A {a,b} a doubleton)(I!peM) ¢(a) =cand ¢(b) =d, (4)

(V{a,b}CcM) {peM:¢(a)=D>} is a libra (5)

and (V{a,f}C M) «aofoaeM. (6)

If M is a meridian with group of homographies G, then the family of self-inverse permutations in G is
a meridian family of involutions. Conversely, if M is a meridian family of involutions on a set M, then the
smallest group of permutations containing M as a subset, is a group of homographies relative to which M is

a meridian.

(1.3) Homographies We shall say that ¢p€G is pure rotation if it has no fixed points, a
translation if it has exactly one fixed point and a dilation if it has two fixed points. In some meridians
there are no pure rotations, but there are always translations and dilations.

An involution ¢ equals its own inverse. An involution can never be a translation: it is either a dilation
or a pure rotation. Each homography which is not an involution is the composition of two distinct involutions.
What is more, for any € G, we have

6 is an involution «—= (3 {a,b} CM a doubleton) 6f(a)=b and 6(b)=a, (1)

0 is a translation «—= (3 {m,0} C M dilations with a single common fixed point) 6=mo0, (2)

1 Being a libra in condition (5) means that (V {a,3,a} € M) aofBoy isin M.
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0 is a dilation <« 6 is not a translation and either 6 is an involution or

(3reM a dilation and o€ M which agree on two points) 6=mnoo, (3)

0 is a pure rotation <= either # is an involution with no fixed point or

(3meM a dilation and o€ M which agree on no point) 6=moc (4)

and G = {moo:{mo}CM and 7 is a dilation} . (5)

We shall write the function ¢ of (1.2.1) as

eyl (6)

(1.4) Harmony Let M be a meridian with families G of homographies and M of involutions.
Two disjoint doubletons {a,b} CM and {c,d} CM are said to be harmonic pairs if there exists a function
¢ €G such that the equalities in (1.2.2) hold and that ¢(d) =a. This is equivalent to each of the following

conditions:

(FpeM) o¢la)=b, ¢(c)=cand ¢(d) =d (1)

and

(3¢€G a translation) ¢(a) =b,p(b) =c and ¢(d) =d. (2)

For any tripleton {a,b,c}, there is exactly one point d€M such that the sets {a,b} and {c,d} are
harmonic pairs. The symmetry induced by this fourth point d is at the heart of a considerable part of
mathematics, and so we shall introduce notation to express it:

ath =d. (3)

(1.5) Meridian Quinary Operator If {a,b} and {c,d} are as in (1.2.4), and if e is any element
C

of L, there is a unique element [a e b| of M such that the element of M which takes a to b and ¢ to d, also
d
c
takes e to |aeb|. This defines the meridian quinary operator on M.
d

We note that, if {a,b,c} CM is a tripleton, then the unique fourth point d such that {a,b} and {c,d} are
harmonic pairs is just

a%bz acal- (1)

(1.6) Meridian Fields  For any tripleton {0,1,00} CM, the meridian quinary operator may be
used to construct a field F=M A {oo}: we define



o

(if {o,00} # {x¥}) - (1)

V{x,y}CF) x+y=|o0 doo| and xy=|o0 1
y Yy

Such a field F will be called a field of the meridian M. Any two fields of M are isomorphic as fields.

We recall that the characteristic of a field is the least positive integer n such that n-x=0 for some
x# 0, if there is such an n. If there is not such an n, the field is said to be of characteristic zero. We define
the characteristic of a meridian to be the characteristic of any one of its fields.

Having determined such a field, one can describe the homographies of M in terms of quadruples
{a,b,c,d} CM such that a-d #b-c. For such a quadruple we define

a-x+b

if xeF and c-x+d # 0;

c-x+d
ab < = . 2)
cd if x=00 and d #0;

otherwise.

g Al

Is convenient to use this “matrix” notation since the matrix of compositions of homographies corresponds
to the matrix product of the corresponding matrices.?

If any meridian field is isomorphic to the field of real numbers, we say that M is a circular meridian.3
If any meridian field is isomorphic to the field of complex numbers, we say that the meridian is a spherical

meridian.

(1.7) Meridian Isomorphisms and Automorphisms If M is a meridian with homography group
G and M’ another meridian with homography group G, a bijection ¢|M<—>M' is said to be a meridian

isomorphism if
G={p"loflog:0€G}. (1)

Condition (1) is equivalent to

M={¢"Volos:0c M’} 2)

where M and M” | respectively, are the meridian families of involutions on M and M’, respectively.

If M and M’ are identical, a meridian isomorphism is called a meridian automorphism. Every
homography of a meridian is an automorphism, but the converse is not always true, as in the case of spherical
meridians, where complex conjugation extends to an automorphism of M which is not a homography.

(1.8) Wurf Meridians and Cross Ratios Let M be a meridian, and let
W={la,b,c,d] e MxMxMxM:#{a,b,c,d} >3} .
Let 27 be the family of equivalence classes of M where the equivalence relation ~ is given by
(V{a,b,c,d} €W and {w,x,y,2} €W)
(1)

Two such “matrices” define the same homography if, and only if, one is a non-0 multiple of the other.
One reason that the term “circular” is here associated with the real field is that, in this case, the set M

may be associated in a topological way with the circle. Furthermore, regarding M as a circle gives insight
into M, as is illustrated in (1.9) infra.



{a,b,C,d}N{W,X,y,Z} — (3¢eg) [¢ a a()b b a¢ Y 7¢ d J:[vaayaZJ .

We call the elements of 90 wurfs.?

Let {c0,0,1} be a tripleton in M. Then the ordered triple [c0,0,1) induces a function

kW3 lab,ed) —[25¢(d) eM. (2)

Such a function is called a cross ratio. It can be computed using the field operations of the field determined
by oo, 0 and 1. Its value for each [a,b,c,d] €W is given by

(a-c)-(b-d)

k((a,b,c,d)) =227 /|
(b-c)-(a~d)

(3)

One virtue of cross ratios x is that they may be used to test whether a bijective function ¢|M — M is
a homography or not:

peg — (V(ab,c,d]eW) k([o(a),p(b),plc),p(d)]) =r(lab,ec,d]). (4)

Cross ratios are constant on each wurf and so induce bijections from 20 onto M: we shall write £ for
the family of all such. For each ¢ € L, the set

{¢p~tolop:0€G} (5)

is independent on the choice of ¢. Then family of (5) satisfies axioms (1.2.1) through (1.2.3) and so confers
on 27 eligibility for the title of meridian. Each of the functions in £ is then a meridian isomorphism.
If a field of the meridian M does not have characteristic 3, then the meridian 2 has six special elements:

a={(a,b,c,d]:a=d or b=c}, (6)

b={la,b,c,d):b=dor a=c}, (7)

c={[(a,b,c,d]:c=d or a=b}, 8)

a’ ={[a,b,c,d]:{a,d} and {c,d} are harmonic pairs}, )

b’ ={la,b,c,d]: {b,d} and {a,c} are harmonic pairs} (10)

and ¢ ={la,b,c,d] : {c,d} and {a,b} are harmonic pairs} . (11)

Relative to the quinary operator on 20, these six are related as follows:

acb|=¢, |a
c

=b" and |(pgc|=d
a

oG o
L)

If the characteristic of M is 3, then {a,b,c} is still a tripleton, but ¢’ =b"=¢".

(1.9) Example: Circle Meridian  Let P be 2-dimensional euclidean space. For each line L in P
we shall add a point oo(L) to L not in P. We do this in such a way that points co(L;) and co(Lsy) are equal
if, and only if, the lines I.; and Lo are parallel. The set co(P) of all these “points at infinity” is called the
line at infinity and its union with P will be denoted by

4 The term “wurf”, or more properly “Wurf”, was introduced by Karl von Staudt in his mid-eighteenth century
work providing a synthetic foundation of projective geometry.
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By a line in P, we shall mean either co(P) or LU{co(L)}, where L is a line in P.

Let C be a circle in P. Let x and y be elements of C. By X,y we shall mean the line through x and y.
If p is any point in P A C, and x is any point in C, then the line p,x, unless it is tangent to C, intersects C
at exactly one other point: we write

P (x (2)

for this other point. In the case of tangency, we define the value of (2) to be just x. It is evident that each
such function p, thus defined is an involution on C. In fact, it can be shown that the family

M(C) = {p,:pePAC} (3)

is a meridian family of involutions. Relative to this family, C is said to be a circle meridian.

Fig. 1: Circle Meridian Involution

Each circle meridian is isomorphic to every other circle meridian as a meridian.®

In the following figure is illustrated a harmonic pair of pairs {a,c} and {b,d} in the circle meridian:

5

The same constructions which have here been adopted for a circle can be adduced for an ellipse, or even for
a hyperbola or parabola in P, if one includes the relevant points in co(P) . Each meridian obtained in this

manner is isomorphic to a circle meridian.



Fig. 2: Harmonic Pairs on the Circle

In the next figure the quinary operator is illustrated for the circle meridian:

Fig. 3: Quinary Operator on the Circle Meridian
The meridian automorphisms of a circle are just the homographies of that circle.

(1.10) Example: Line Meridian  Let L be any line in P such that LNP # g. Let C be a circle
in P tangent to L at some point p, and let o be any point on C distinct from p. For each point x of C let
w(x) be the intersection point of the two lines L and 6,x, where 0,6 is defined to be the line tangent to C

at 0.9 The mapping w| C — L thus created is a bijection. The the family

L = {wogow t:peM(C)} (1)

is a meridian family of involutions for L. Although this definition seems to be dependent on the choice of

This mapping is the 2-dimensional avatar of the so-called stereographic projection of a sphere onto a tangent

plane.



C, it actually is not, and we can describe £ directly in terms of the geometry of P.

Fig. 4: Meridian Isomorphism from a Circle onto a Line

Fig. 5: Quinary Operator on the Line Meridian

If {a,b,c,d} CP is a quadrupleton such that no three of its elements are collinear, we say that it generates
— e ——
a complete quadrilateral, the sides of which are a,b, &,¢, a.d, b,c, b,d and ¢,d . It can be shown that

for such a complete quadrilateral

{

!

L (a,¢AL)
(¢, dAL) = |(a,dAL) (a,bAL) (d,cAL)
dAL)

—~
[\
-

!

—~
o

where, for two distinct lines U and V, UAV is defined to be the point of which the singleton is UA V. Thus,

to compute z=|u gzv v| for {u,v,w,x,y} CL with u, v and w distinct, we may proceed as follows: Take reP to

X
be any point not on L. Let s€P be any point of P AL such that r& w,5 . Let

10



Then (2) implies that

(1.11) Example: Sphere Meridian  Let E denote three dimensional Euclidian space. As in P
we associate to each line L a point oo(L) not in E in such a way that, for two lines L; and Ls, the points
oo(L7) and oo(Lsy) are equal if, and only if, the two lines are parallel. The set

oo(E) = {oo(L) :L is a line in E} (1)

is called the plane at infinity. We denote
E = EU(E (2)

and call E a three dimensional real projective space. A subset X of oo(E) is a line at infinity if

(3P aplane in E) X ={oo(L):L is a line in P}. (3)

By a line in E, we shall mean either a line at infinity or LU {oo(L)}, where L is a line in E. By a plane
in E, we shall mean either the plane at infinity or a set of the form NU {oo(L) : L is a line in N}, where N
is a plane in E.

Let now S be a sphere in E. Let L be any line in E not tangent to S, which intersects S. Then there are
two intersection points p and q. If P is the tangent plane at p and Q is the tangent plane at ¢, then PN Q
is called the line dual to L relative to the sphere S. Given any two lines L and M in E which do not
intersect, and any point x¢ (L UM), there exists exactly one line

(L, M;x) (4)

which passes through x and intersects both L and M. If L is as above, and x is any point on S, the line
(L,PNQ;x) intersects S at another point

x (5)
(where x) is defined to be x if x is on L). The family

M(S) = {[SiL]: L a line in P with #(LNS) =2} (6)

is a meridian family of involutions of S. The meridian S, relative to this family, will be called a sphere

meridian.”

A plane which intersects S at more than one point, intersects S in a circle. The harmonic pairs of S are
just the pairs which are on such a circle and harmonic relative to that circle.

When an ordered basis [0,00,1] for S is chosen with 0 and oo at opposite ends of a diameter of S and 1
equidistant from 0 and oo, S is sometimes called a Riemann Sphere.
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Given any point p of E not on S, the involution of S obtained by taking lines through p which intersect
S is not a homography of S, but it is a meridian automorphism.
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2. The Idea of a Libra

(2.1) Purpose In The Projective Line as a Meridian we introduced the idea of a libra, lay-

ing out its first properties and promising later to explain how its name derives from a set of scales.

Fig. 6: Scales

In this section we shall fulfill this promise.

(2.2) Scales  Suppose that we have a pair of scales suspended from the ends of a beam. Suppose
that on each scale there are three equidistant places on which we can place weights taken from a set L: we
shall identify these places on one scale by #, & and % ; and on the other scale by @, ¢ and "&. Suppose
that if we picked up one of the scales, and without turning it, set it down on the other — then the order of
the places in clockwise direction would be

&9 .& ¢ % and K. (1)

We shall write I for the set {# ,9 & .4 % )} . Thus, a clockwise rotation of both scales by an angle
of 2r/3 would be equivalent to applying the permutation

o= {(#],[9.¢],[& ][4, % 6], 05C]}. (2)

to the set .

In placing a load on the scales we are defining a function from £ to L. Certain loads will leave the
scales in equilibrium: we shall write & for the family of such loads. Such a subfamily of L* will be called an
equilibrium family for L provided that the following three postulates are fulfilled:

13



(VOeL?) He& « fooek, (3)
(V0| {#,9.%.¢, %} —L)3!xeLl) §U{PEx]} € (4)

and (VO {4,981 L)V {xy}CL) 0U{(Fx),DEx]}EE — 0U{[d,y),DHyI}EE. (5)

The effect of (3) is that rotating both scales by the same angle does not affect whether a load is in equilibrium.
The effect of (4) is that, if five of the places on the scales are loaded, then there is exactly one choice for the
sixth place which will puts the scales into equilibrium. The effect of (5) is that if a load is in equilibrium and
two adjacent (in the sense of (1)) places have the same element of L, then the load will still be in equilibrium
if both these places are given a different equal value.

(2.3) Associated Trinary Libra Operator Let &£ be a family of equilibria for a set L. The
associated libra trinary operator
o] [ILXLXL3(x,y,2) = |x,y2) €L
is defined by
(V{xyz}CL) {(#x]),[0y],(d,z],[#2],%,z],05[xyz] ]} EE. (1)

The postulates (2.2.3), (2.2.4) and (2.2.5) imply each of the following properties:

(V{xy}cL) [|xyy]=x=|yyx] (2)
(V{a,b,c,d,e}CL) ||a,b,c],de]=]a,b,|c,de]]. (3)
and (V{ab,c,de}CL) |a,|d,c,b],e] =]ab,|c,de]]. (4)

(2.4) Trinary Libra Operator Let L be any set and |,,] |L><L><L9[x,y,z} — |x,y,2z| €L any
trinary operator on L for which

(V{xy}CL) [xyy]=x=yyx] (1)

and

(V{a,b,c,de}CL) ||a,b,c],de|]=]a,b,|c,d,e]] (2)

hold. Then |[,,] is said to be a libra trinary operator on L.

For such an operator we may define the family

E= {0l :[[0(M),0(9),0(&)],00),00%)|=00K}. (3)

One can show that such a family is a family of equilibrium for the set L. and that the associated trinary libra
operator is just [,,|. We shall say that L is a libra relative to £ and relative to |,,].

The various compositions of libra operators with libra operators, in view of (2.3.1), (2.3.2) and (2.3.3),
may be greatly simplified: we define

la,b,c,d,e] = ||a,b,c|,de] = |a,|d,c,b|,e] = |a,b,|c,de]]. (4)

Each composition of libra operators may be converted to a form

14



|a1,a0,|a3,84,]- - - [an-2,8n.1,8n |- .- | ]] (5)

for n an odd positive integer. We shall at times adopt the abbreviation

Lal,ag,. .. ,anJ (6)

for (5).

(2.5) Libra Groups Let L be a libra relative to a libra trinary operator [,,|, and let e be any
element of L. We define
(V{xy}clh) xy= [xey]. (1)
It is not difficult to show that - is a group binary operation for which e is the identity element and
(VxeLl) xl=|exe]. (2)

We shall say that - is the libra group operator determined by the element e of L.
Now let - be any binary group operation on a set G and define

(V{xyz}CG) |xyz| =xy lz. 3)

Then |,,] is a trinary libra operator for G. Furthermore, if e denotes the identity of G, then - is the libra
group operator determined by e.

Thus there is a close connection between libra operators and group operators. For this reason we say
that a libra family £ of equilibrium is abelian if each permutation of £ which sends red elements to red
elements and black elements to black elements, preserves equilibrium loads. We say that a libra trinary
operator is abelian provided that

(v {X’Y’Z} C G) LX’y’ZJ = I_Z7y7XJ N (4)

It is not difficult to show that a libra family of equilibrium is abelian, if and only if its associated libra
operator is abelian, if and only if the associated group operators are all abelian, if and only if one of the
associated group operators is abelian.

(2.6) Example: Affine Space Let V be a vector space. Define
L,,J|V><V><V9[X,y,ZJ<—>X—y+ZEV, (1)

which is a trinary libra operator on V. From a geometric point of view, |x,y,z| is the unique element of V
such that x, y, z and |x,y,z| are adjacent vertices of a parallelogram.

(2.7) Definition Let L be a libra relative to a libra trinary operator |,,| . For {a,b} CL, we define
the function

a™ | Lox— |ax,b|€L. (1)
If a=b, orif L is abelian, then ,7}, is an involution and called an inner involution of the libra L.

(2.8) Obverse Libras Let |,,| be a libra trinary operator on a libra L. The obverse of |,,] is the

15



trinary operator [,,] defined by
(V{a,b,c}CL) [a,b,c] = |¢,byal. (1)

In terms of the scales, a load 6 is in equilibrium relative to obverse libra operator if, and only if,

0o {[® JX], (K ]} (2)

is in equilibrium relative to the original libra operator. Thus for the obverse libra operator, the places on
the scales are oriented in the opposite direction.
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3. Libra Aggregates of Translates

(3.1) Balanced Subsets of a Libra A subset B of a libra L is said to be balanced in L if,
whenever {x,y,z} CB, then |x,y,z]| is in B. Thus a balanced set B is a libra relative to the restriction of the
trinary libra operator to BxBxB. Let B be a balanced subset of L. We introduce the notation

|r,s,B|={|r,s,b] :beDb}, |r,Bs|={r,b,s:beB} and |B,yr,s|={|br,s|:beb}. (1)

We call |r,8,B| a left translate of B and |B,r,s| a right translate of B. Sets of the form [r,B,s| will
be called, simply, translates of B.® The families of all left translates, right translates and translates of B,

respectively, will be written
B B ad [l (2)
respectively. We adopt the notation
El=[Bluis]. (3)

The elements of [B] will be called linear translations of B and those of A [B] skew translations of
B.

(3.2) Theorem Let B be a balanced subset of a libra L. Then

(vbeB) B=|bBb], (1)
BlcEl, 2)
and a translate of a translate of B is again a translate of B. (3)

Proof. That |b,B,b] CB for beB is trivial. Let {x,b}CB. Since B is balanced, we have |b,B,b|] €B. Thus
x 232\ h x| CED ) p x| bb| 2EED 1y, bxb|,b|e|bBb],

which implies that BC |b,B,b] . Hence (1) holds.
For {r,s}CL and beB,

Ir,sB] 220 |rg|bBb) | 2C35) || 5b| Bb)
and

Brs| 2O [|bBbrs| 2235 b B | brs]|

which implies (2).
For {r,s,t,u} CL we have, for any beB,

[r,[t,Byu) ) 200 | r |t [b,B,b ) 2EEA 1| [6b,B) byu) s 2EEA

[lrwb),[t,b,B],s] 223D | |rub)B,|bit.s]]

which implies (3). Q.E.D.

8 We see in the following Theorem (2.2) that left and right translates are in fact translates in this sense.
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(3.3) Definitions By a homogeneous aggregate of translates, or more simply, aggregate,
we shall mean a family 7T of balanced sets, such that each element of 7T is a translate of each other element
of 7, and such that each translate of a member of 7 is again a member of 7. It follows from Theorem
(3.2) that the translates of any balanced set comprise an aggregate and that an aggregate is the family of
translates of any one of its members:

(VT an aggregate)(VTeT ) =T. (1)

The family of all singletons is evidently a homogeneous aggregate of translates. We shall call it the
point aggregate of L.

(3.4) Definition We shall say that a balanced set B is normal if each right translate of B is also
a left translate of B.

(3.5) Lemma  The following statements hold in any libra L:
(V{a,b,c}CL)(I!x€L) a=|x,b,c], (1)
(V{a,b,c} CL)(I!x€Ll) a=|b,x,c|, (2)
(V{a,b,c}CL)(I!x€Ll) a=|b,c,x], (3)
(VBCL balanced)(¥ {b,y} CL: beB) |b,By|=|B,by] (4)
and (VBCL balanced)(V {b,y}CL: beB) |y,b,B]=]y,B,b]. (5)

Proof. [Q)] If x satisfies a= |x,b,c], then

la.cb] = [[x.bec)eb] 2E2D ¢ p jeeb) | 2E32D

so there is only one element x of L for which a=|x,b,c|. That x=|a,c,b| satisfies (1) follows from direct

computation.
[g] If x satisfies a= |b,x,c] , then

[c,a,b] =[c,|b,x,c|,b] by (2:34) lc,c,x,b,b| by 232) <

and so x is unique. That x=|c,a,b| satisfies (2) follows from direct computation.

[g] Follows from an argument analogous to that used in showing (1).

L] For ceB

[bye,y] 2222 b boboely] 222D | be,b),b,y] which is in [B,b,y]

and le,b,y]| by 232) [[b,b,c],b,y] by 234) [b,|b,c,b|,y] which is in |b,B,y]|

which implies (4).

[g>] Follows by an argument analogous to that used in showing (4). Q.E.D.

(3.6) Theorem Let Be be a balanced subset of a libra L and let 7 be the smallest aggregate of
which B is a member. Then the following statements are pairwise equivalent.

B is normal, (1)

each left translate of B is a right translate, (2)
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T is a partition of L, (3)

Bl=7, (4)

Bl=T (5)

and (VAeT) A isnormal. (6)

Proof. [(1)=(2)] Suppose that (1) holds, let {x,y} CL and b€ B. From (1) follows that there exists {r,s} CL
such that

H—b7Y7XJ 7b’BJ = I_B,I‘,SJ . (7)
We have
[by[Baxcy)b) 220 | [byx] Bb| 22 by, [b,B,b) b] 22D,
( (8)
LLb7y7XJ 5b7LBab7bJJ M Lva}"aXJ 7baBJ by (1) LB,RSJ
and so

Boxy) 2E22 | [bb,[Baxy | bb] 2-EE b [b,[Bax,y b b) 2L
b, |Br,s|,b] 23D 1 hgr | Bb| 2E2D | bsr,[bB,b] b 25
[[b,s,r],b,[b,b,B|| 2C3D | s r| b B
It follows that (2) holds.
[(2)=(3)] Suppose that (2) holds and assume that (3) does not. There would exist {A,C}CT such
that A # C and ANC# g. We could choose {u,v} CL such that B=|u,A,v] and let D=|u,C,v]. Then B#D

and BNC=g. Choose b from BND and d€D such that d¢B. Since D= |d,b,B| is a left translate of B,
(2) would imply that there exists {r,t} CL such that D= |B,r,t]. Thus

deD=[Brt) 2232 B rbb|t| 222D By brt]| and beD=|Bb,|rrt]].
Thus we could choose {m,n} CB such that d = |m,b,|b,r,t| | and b= |n,b,|b,r,t|]. Then
Ibo,t] 2232 1y | rbbl ) 2E3D | p | blbrt]] 2255 b nb,[brt]|] = |bnb]
which would imply that
d=[mb,|brt]]=[mb,|bnb]]

whence would follow that d is in B. This would be absurd, so we have demonstrated that (3) holds.
[(3)=(4)] Suppose that (3) holds. Since E?) is a sub-family of 7 and E3 is also a partition, they must
be identical partitions of L. Thus, (4) holds.
[(4)=(5)] Suppose that (4) holds. For acT and beB, it follows from (4) that there exists {x,y} CL
such that |b,Ab| = |x,y,B]. Thus

Ay (232) [b,b,A,b,b] by (2.3.4) Ib,[b,A,b),b] = [b,[x,y,B,b] by (2.3.4)

[[b,B,y|,x,b) G2 || B by xb| 2D B |y )| 252

[[b,b,BJ,b, [yx,b| | 2LCID | b B b, [yxb]| G2 and by B4 g v
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which establishes (5).

[(5)=(6)] Suppose that (5) holds. For A€ T it follows from (5) that A is a right translate of B, whence
follows that B is a right translate of A. Suppose that we had shown that each right translate of A is a left
translate of B. Then A itself would be a left translate of B, and so B would be a left translate of B. Thus,
to show that A is normal, it will suffice to show that, for {x,y}CL, |Ax,y| must be a left translate of B.
To this end we let b be any element of B and apply (5) to obtain {r,s} CL such that | |b,y,x|,A,b| =|B,r,s].
Then

[Axy] 222D b b [Axy]]bb] 222 b |b,|Ax,y]b] b 22
[b.[[b.yx) Ab)b) = [b.[Bir,s).s] 2E20 [ [bisr) B.b| 2C0 | [bsr].b.BJ

which establishes (6).
That (6) implies (1) is trivial. Q.E.D.

(3.7) Normal Aggregates We shall say that a homogeneous aggregate of balanced sets is normal
provided that all of its elements are normal balanced sets. From Theorem (3.6) follows that an aggregate is
normal if, and only if, any one of its elements is normal.

Consequently, for a group G and a subgroup B, the aggregate of translates of B is normal if, and only
if, B is a normal subgroup of G.
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4. Function Libras and Representations

(4.1) Function Libras Just as permutation groups comprise the most important class of examples
of abstract groups, function libras comprise the most important class of exambles of abstract libras. If X
and Y are sets of equal cardinality, then the family Y*! of all bijections from X onto Y is a libra relative to
the libra trinary operator

(V{tgh}cY™!) [fgh] = fog~loh. (1)
A balanced subfamily of the libra Y*! is said to be a function libra from X to Y.

(4.2) Libra Isomorphisms A libra homomorphism ¢|Lf—>L' from one libra L onto another
libra L” is a function such that

(V{xyz}CL) [o(x),0(y),0(z)] =o([xyz] (1)
or, equivalently, if £ denotes the equilibrium family of L, such that
(VOEL®) 0eE «— pohcE . (2)

If a libra homomorphism is a bijection, we say that it is a libra isomorphism.

(4.3) Libra Multipliers By a left multiplier of a libra L we shall mean a function 1/)|L<—>L
such that

(V{xyztCl) dllxyz]) =[¢(x),yz]. (1)
If 4 is a left multiplier and {a,x} CL, then
Y(x) = ¢¥(|aax]) =|v(a),ax]. (2)
It follows from (2.3.3) that

(V{b,a}CL) L>x< |b,a;x|€L is a left multiplier (3)

and so it is a consequence of (2) that

the left multipliers of L are just the functions of (3). (4)

A right multiplier of a libra L is a function w|L — L such that

(V{xyztcL) dllxyz]) =[xylz)]. (5)

As with left multipliers one can show that the family of right multipliers is just the family
{Lox—|x,a,b|€eL:{a,b}CL}. (6)

(4.4) Libra Representations A libra homomorphism p from a libra L into a function libra (of
bijections) from a set X onto a set Y will be called a representation of L. We adopt the notation
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=1
I
ﬂ><1
=l
Il
<

and

(Vxep) pe= plx). (2)

An injective representation is said to be faithful. If

(Vixylepxp)(3acl) palx) =y, 3)

we say that p is homogeneous.

For [x,y]€e [PXxPp], we shall frequently use the notation
[xL£y] = {agppalx) =v}. (4)

and

T = AlxLy]: [xyl€@xp}- (5)

Let R denote the family of right multipliers of a libra L. For x€L, let

px|R3¢— ¢(x) €L. (6)

For {t,y} CL and we R such that w(y) =t, we have
(VseLl) wis) =w([s,yy]) = [sywly)] = [syt]
whence follows that

(VSEL) (Py_l t))(s) = |_SﬁY7tJ' (7)

From (7) follows that, for {x,y,2} CL and ¢ €R
Los:pysp2]l (0) = pxopy ™ (pa[d)) = (py ™' (P2 (0))) (x) = [X,3,02(0) ] = [%,5,0(2) | = [ |x,%,2] ) = plxy.a) (D) -
This means that

p is a faithful representation of L on the pair of sets R and L. (8)

This result (8) is an avatar for libras of Cayley’s Theorem stating that each group is isomorphic to a group
of permutations of itself.

(4.5) Theorem Let p be a homogeneous representation of a libra L. Then 7, is an aggregate of
balanced sets.

Furthermore, the following statements are equivalent:
7T, is normal (1)

and (V{a,b}CL) pa=p,==(3x€[p) palx) =pp(x) . (2)

Proof. Let T be an element of 7,. Then there exists (x,y] € [px p] for which T = [x£y]. For {a,b} CL and
u€[p such that py(u) =y
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<VC€7;) Pla,c,b| U :paopc_l Pp ) ) = PalX = I_a7TabJ = [uépa X ] (3)

Let S be another element of 7, and let [w,z] € [p x p] such that S = [wL7]. Let deL be such that pgq(w) =y
and choose e€L such that p,(x) =z. Replacing T in (3) with S, a with d, and b with e, we obtain

|d,S,e] = [xLZy] = T.

It follows that 7, is an aggregate.

[(1)=(2)] Suppose that (1) holds. For {a,b} CL and {t,x} C[p suppose that p,(x) =p}(x] . Since 7,
is normal, there exists {r,s} CL such that [r,s,[t Zp,(t]]| =[x Lp.(x)]. Since a is in [x£p, (x]], there exists
celtLp,(t)] such that a=|r,s,c] . Consequently

1 1

Palt = Plr,s,c) t) =props™ [pclt)) =props™ (palt)) . (4)

Since b is in [t £p,(t)], there exists d€[t £p,(t]] such that b= [r,s,d| . Thus

by (4)

Pb(t) = plrsal(t) =props™ (palt)) = props (palt palt) .

This establishes (2).
[(2)=(1)] Let B be an element of 7,. There exists [x,y] €[px p] such that B=[x£y]. Let R be any

right translate of B. There exists {r,q} CL such that R=|B,r,q] . Since all the elements of B agree at x, it

1 1

follows from (2) that they agree on p,op,~"(x) as well — let ue p| be this common value and let v=p,” " (u] .

Since p is a homogeneous representation, there exists s€L such that ps(v) =y .For all acB
Pl|s,r,al,r,q) (X :psoprilopaoprilopq X :psopr71 u=y.
It follows that B is normal. Q.E.D.

(4.6) Definition We shall say that a homogeneous representation is normal if either of the
conditions (1) or (2) of Theorem (4.5) hold

(4.7) Theorem Let p be a normal homogeneous representation of a libra. Let {x,m}C[p,
{r,s,t} C o s {a,b,c,u,v,w} CL and suppose

r=p,(x) =py(m), s=p,(x)=p,(m)] and t=p.(x)=p,(m). (1)

Then

pLa,b,cJ X :ptu,\/’WJ mj . (2)

Proof. Let {d,e} CL be such that p,(x) = pgq(m) . Then
Plaed| (M) =1=py(m), peq(m)=s=p,(m) and pceq)(m)=t=p,(m].
Since p is normal, it follows from (4.5.2) that p|ac.d| = Pus P|bed] = Pv AN Pced) = Py - Thus
Plu,v,w] 1) = P |ae,d],|b,c,d],|c,e,d]|] 1) = Pla,e,d,d,e,b,c,e,d] 1) = Plab,c,e,d] 1) = Pla,b,c| (X
which establishes (2). Q.E.D.

(4.8) Definition  Let p be a normal homogeneous representation of a libra L. for {r,s,t} Cp] we
define
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[1,8,6] ) = plape) (x)  (Vx€[p and {a,b,c} CL: [1,8,t] = [palx),p(x),pc(x]]). (1)

In view of Theorem (4.7), [,,], is a well-defined libra operation on p]. We shall call it the repesentation
libra operator induced on p] by p.

(4.9) Theorem Let p be a faithful normal homogeneous representation of L. Then, for each
(x,y]€[pxp], the set [x £y] is a singleton. In particular

(Vx€[p) Loa<p,(x]€p]is a bijection. (1)

Proof. Let [x,y]€[p . Assume that there were distinct elements a and b of [x £y]. Since p is faithful, there
would exist we [p such that p,(w) # p, (W] . Since a would be in [x Ly]N[w£p, (w]], it would follow from
(3.6.3) that [x Zy]=[w2Lp,(w)]. Hence b would be in [w £ p, (w]], which would be absurd. Q.E.D.

(4.10) Example: Line and Circle Let L be a line in the real projective plane P, and let C
be a circle in . Each point p of LA C induces a permutation p, of C as in Figure (1). This family of
permutations is a libra, and so induces a libra operator on L. The function p is actually a faithful normal
homogeneous representation. That condition (4.5.2) holds is illustrated in the following figure:

I_a,b,CJ a C b L

Fig. 7: Libra on the Line Induced by a Circle

The representation libra operator induced on C by the representation p, is illustrated by the figure below:

L

[a.b,cl

Fig. 8: Libra on the Circle Induced by a Line

(4.11) Definitions, Notation and Discussion In the sequel we shall often be concerned with
representations which are not normal, and we shall treat these specifically in the next section. For this we
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shall need some definitions.
We recall that the obverse of a libra trinary operator |,,| on a libra L is the trinary operator defined by

(V{a,b,c}CL) [abc] = [c,bal. (1)

If p is a representation of L, the obverse p of p is the representation of L defined by
(VxeL) Pr=pt. (2)

The obverse representation is a representation of L relative to the obverse operator [,,] — not relative to the
libra operator |,,]| .°

The symmetrization of L is the set LxL equipped with the symmetrization operator Lr,,]J defined
by

(v {la,z),(by),lcx]} CLxL) [[az],lbyl),lcx)]| = [|ab,c],[zyx]]. (3)

The symmetrization of the representation p is the representation % defined by

(Y (xy]€EXP)(V[ab)€LXL)  Brap((xy)) = [Boly),palx)]. (4)

Two representations p and 6 will be said to be equivalent if there exist bijections M'E [0 and
1/| p|— 6] such that

P 2 7

(Va€eLl) 6O,=vopou~! : vid. H acL v (5)

9 They are the same of course when L is abelian.
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5. Cartesian Aggregates of Balanced Subsets of a Libra

(5.1) Columns and Rows of an Aggregate Let 7 be an aggregate of balanced subsets of a
libra L. By a row of 7 we shall mean a sub-family R of 7 such that each element of R is a right translate
of each other element of R and such that each right translate of an element of R is again an element of R .
By a column of T we shall mean a sub-family C of T such that each element of C is a left translate of each
other element of C and such that each left translate of an element of C is again an element of C . We shall
write =(7 ) for the family of all rows of 7 and ||[|(7 ) for the family of all columns of 7.

(5.2) Theorem For {a,b}CL, (X VI€|llT)x=(T) and (X,Y]eX XY

{la,W,b]:Wet=[[aYb], (1)
and {la,W,b]:Wex}=[[a,Xb]]. (2)

Proof. For {r,s}CL
la,|Y,r,s],b| =]||a,s,r],Y,b] =|a,s,r,a,aY,b|=]||asr],a,|a,Y,b]|
whence follows that {|a,W,b]: We YV} C E{,bj . For {t,u}CL
[t,u,]a,Y,b|] =|a,a,t,u,a,Y,b] = |a,|ut,alaY,b|=|a,|Y,a,|ut,al|,b]
which implies that ||a,Y,b|| C{|a,W,b] : We V}. It follows that (1) holds.
The proof of (2) is analogous to that of (1). Q.E.D.
(5.3) Notation Elements a and b of L produce bijections as follows
a@b|T5B < [a,B,b|eT (1)

and adb|N(T) 5X < {|aX,b|: XeX}e=(T). (2)

(5.4) Theorem For beL and {r,s,t} CL
(s@b)~! =b@s (1)

and

r,s,t]@b= [r@b,s@b,t@b] . (2)

Proof. For XeT
b@s(s@b (X)) = |c,|8,X,c],8] = c,c,X,8,8] =X
which proves (1) and
(t®b)o(s@b) 1o (t®@b)(X) = (t@b)o(b®@s) ([t,X,b]) =r@b/(|b,[t,X,b].s]) =
1, [b,[£,X,b],8),b] = |1,|b,b,X,t,8],b] = [1,5.t,X,b,b,b] = | [1,5:t],.X,b] = (|1,8,t] @b) (X
which proves (2). Q.E.D.
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(5.5) Notation For acL we define
2 =a@a and a8 = ama. (1)
(5.6) Theorem For {a,b,c}CL

lab,c] B = [aFpE .. (1)

Proof. For XeT
adopd-1,.0 E( —aOopd-1,.0 Iuc,b,aj,La,b,cJ,Xj —a0opd-1,.0 le,ba,c,ba,X||) =

adopd—1 Lc,X,a,b,c,a,b,c,cJI — aDopd-1 L. X,a,b,c,abl|) = ad [[bb,acbaXecb| | =

ol [lachaXchl]) =[abecXabeaal] = [[[abc] X abcl]] = abe/ (X

Q.E.D.

(5.7) Discussion and Notation  The analogue of Theorem (5.6) for @ does not hold and, in

@0 1,0

fact, a necessary and sufficient condition for La,b,cj® to equal a~ o is for |a,b,c] to equal |c,b,a] .

It follows that in general, {a® :a€L} may not be a balanced set of the libra of permutations of 7. It is a
simple computation to show that

(V{a,bmmnrs}CL) (a@b)o(m®@n) lo(r@s)=|a,m,r|@|bn,s]. (1)

It follows that {x@y: {x,y} CL} is balanced. Since it contains {a® :a€L} as a subset, one may ask if it is
the smallest balanced set containing this subset. We shall return to this question in Section (9) infra.
For {a,b,m,n} CL we shall adopt the notation [a,m®@n,b]| for (a@b)o(n@m):

la,m@n,b||T5A < {|amxnb|:xeA}eT. (2)
For {a,b,c,dr,s,t,y} CL and A €T, the computation
la,b@c,d]o|rs@t,u] (A) = |a,b@c,d]([r,s,A,t,u]) = [a,b,r,s,A t,u,c,d]
shows that

la,b@c,d]o[x,50tu] = [ [a,b,r],t®@s, e, ] = |a,[5,1,b] @ [cu,t)d] (3)

We shall adopt the notation

Libra(7T ) = {a@b:{a,b}CL} and Group(7) = {|a,b@c,d]:{ab,c,d}CL}. (4)

Theorem (5.6) implies that £ibva(7 ) is a libra. Furthermore, &roup (7 ) is a group since equality (3) implies
that |a,a@a,a| is an identity for each a€L and that, for all {a,b,c,d}CL,

la,b@c,d]| 1 = |b,a@d,c] . (5)

(5.8) Definitions Let p be a faithful representation of a libra L. We shall say that this represen-
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tation is cartesian if, for any pair of doubletons {x,r} C[p and {y,s} C 7],
(Fa€el) p,lx)=y and p,(r)#s. (1)

In particular, a cartesian representation is homogeneous.

Theorem (5.4) says that, for each beL, the function L3a<—>a®b€TT' is a representation of L.
Theorem (5.6) says that the function sending each a€L to the restriction of al to (7)), is a representation
of L. We shall call this latter the left 7 -inner representation of L. and denote it by

T

2 (2)

(5.9) Theorem Let p be a cartesian representation of a libra L. Then p is equivalent to the left
T,-inner representation. More precisely, for

u||29x<—>{ vl:vep]t and u|:|9y<—>{ yl:x€[p} (1)
then
2 e 7
(VaeL) a:VOpaou’l : vid. H aeLl v (2)
Y Y
a0 =
7, =(7,

Proof. We first show that, for each x€[p, p(x] isin [[lI(7,) . Let y be in p] and {a,b} CL. For k=paopr ' (v),

lab,[x£y]] = {lab,t]: pe (x) =y} ={wEL: prop,~ opy [x) =y} =[x £k].

Let s be another element of p]. Let u be in [x £y] and, exploiting the fact that p is cartesian, find v€L such
that p,(x) =s. That p,(x) =y implies that, for all t €L such that p;(x) =y,

pvopuflopt X)=pyX) =8
whence follows that |u,v,[x2y]| = [x£s]. Consequently s (x) is an element of [[[|(7,) .

That v(y) is an element of =(7,) follows from an analogous argument. Q.E.D.
(5.10) Theorem Let p be as in Theorem (5.9). Then
(V{a,b} CL distinct)(3T€7,) acTand bgT (1)

and

(VTeT,)(V{ab}cL) |aTb/=T «— {ab}CT. (2)

Proof. [Q] Since p is faithful, there exists x € [p such that p, (x) # py, (x) . If y=p, (x] , then a€ [x£y] but

be [xLy].

[g] For {a,b}CL it is trivial that |a,T,b] =T. We shall establish the reverse implication. Suppose
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that [r,T,s] =T for Te7, and {r,s} CL. Then [r,t,s| =u for {t,u} CT and so r = |u,s,t|, whence follows that

r must be in T if s is in T. Similarly, s must be in T if r is in T. Thus we may assume that neither r nor s

1

is in T'. Then we could choose [x,y] € [px p] such that T = [x£y]. Let m=p,(x) and y=p,~*(y) . Since p is

cartesian, there would exist t €L such that p;(x) =y and p;(n) #m. Then t would be in T and so in |r,T,s]
as well. Thus t=|r,w,s] for we T, and so w=[s,t,r|. Consequently

Y= pw(x) = psopy~top,(x) = psopy T (m) # pg(n) =y
which would be absurd. Q.E.D.

(5.11) Definition We shall say that an aggregate T is cartesian if both the conditions of Theorem
(5.10) are satisfied:

(V{a,b}CL a doubleton)(3Te7T) a€cT and bg T (1)
and (VTeT)(V{ab}CL) T=|aTb] — {ab}CT. 2)

(5.12) Theorem Let T be a cartesian aggregate on a libra L. Then
(V{a,b,e,d}CL) [ab]=[c,d] &= a@b=c@d. (1)

Proof. There holds
a@b=c0Od «—— (VXeT) I_a,X,bJ = I_C,X,dJ —
(VXeT) X=|bbXaa|=]|b, aXbl.al=|b,|c,X,d|,a]=|b,dX,c,a|

by (5.10.2)
>

(VXeT,xeS) X=|b,dxXx,c,al (VXeT,xeX) {|bdx],|x,c,a]}CX. (2)

If a#c, then (3.3.1) implies that there exists C€7 such that ceC and a¢C. If a@b=c@d, then (2)
would imply that were y€C such that |c,c,a] =y, which would in turn imply that a=c which is in C.
That would be absurd, whence follows that a@b #c®@d. An analogous argument shows that if b#c, then
a@b#c@d. Q.E.D.

(5.13) Theorem The following statements, regarding an aggregate of balanced subsets of a libra

L, are pairwise equivalent:

(VBeT)(V{xy}tcL) [xBy]=B <= {xy}CB, (1)

(FBeT)(V{xy}cL) [xBy]=B <= {xy}CB, (2)

@Be7) BInBl={B} (3)

and (vBeT) [B]n[Bl={B}. (4)

Proof [(1)=>(2)] Trivial.
[(2)=(3)] Suppose that (2) holds for BET. Suppose that |r,s,B] =|B,t,u for {r,s,t,u} €L and let b
be an element of B. Letting x=|r,s,b] and y = |b,t,u|
|x,b,B] =|r,s,b,b,B| =|r,;5,B] = |B,t,u] = [B,b,y] .
Thus
B = Lb’X7X7b7BJ = |_b7X7 LX7b7BJJ = Lb7x7 |_B7b7YJJ = |_b7X7|_\_b7B7bJ 7b7YJJ =
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[bx,b,B,bb,y| = [[bxb|,B,y].

From (2) follows that {y,|b,x,b]}CB.. Consequently |r,s,B|=|x,b,B] =B, and so B] u E3 = {B} .Hence
(3) holds.

[(3)=(4)] Suppose that (3) holds for BET and that C is any other element of 7. There there exists
{x,y} CL such that C=|x,B,y]|. Suppose that |r,s,C|=|C,t,u] for {r,s,t,u} CL. Then

|_B7 LI’,S,XJ ,XJ = |_y7Y7B7X757r7XJ = |_y7 LI“,S, \_X7B7yM 7XJ = I_Ya \_r7S7CJ 7XJ =
I_Y7 \_C,u,tj ’XJ = Lyvl_\_X’BJJ 7u7tj 7XJ = b@t»ua}’aBaXaXJ = I_Ya b@uatj >BJ .

It follows from (3) that |B,|r,s,x,],x] =B. Thus
C=[x,B,y] =|x,|B,|r,s,x],x],y] = |x,x,1,8,%x,B,y| = |1,8,|x,B,y || = [1,8,C] .
This implies (4).
[(4)=(1)] Suppose that (4) holds and let B be any element of 7. Suppose that B = [x,B,y] for {x,y} CL.
For be B

|_b7X7BJ = Lb7X7 |_X7B’YJJ = L|_b7X7XJ 7B7yj = |_|_b7X7XJ’Lb’B’bJ ’YJ = |_b7X’X7b’B7b7YJ = \_B7b’YJ N

From (4) follows that |b,x,B] =B. Hence |b,x,b| =d for some d€ B, whence x= |b,d,b] €B. It follows that
B=|b,x,B] = |B,b,y| which implies that y=|b,b,y|€|B,b,y|] =B. This means that (1) holds. QED

(5.14) Notation If two sets R and S have a singleton for their intersection, we shall denote the
element of the singleton by RAS:

{RAS} = RNS. (1)

(5.15) Theorem Let T be a cartesian aggregate on the libra L, let {A,B}CIII(7T) and let
{C,PD}C =(T ). Then

ANC exists (1)

and

AANC=BAD — [AC)=[BD). (2)

Proof. [(;L] Let A be in A and C be in C. Since T is an aggregate of balanced sets, there exists {x,y} CL

such that [x,A,y] =C. For any ac A
C=[xAy]=[xlaAaly]=[[xaA]ay]
which implies
[Cya) = [xa,A]
whence follows that ANC=# g. That ANC is a singleton follows from (5.13.4), which establishes (1).

[i] Let A= AANC=BAD. Then A is in A and B and so E& =A=.. Similarly A] =C=7D. Thus

(A,C)=(B,D]. The reverse implication of (2) is trivial. Q.E.D.

(5.16) Theorem Let 7 be a cartesian aggregate on the libra L. Then the left 7 -inner represen-

tation is cartesian.
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Proof. Let {x,y} CL be a doubleton. Choose BET such that x€B and y¢B. Then

X E3 = LXvaE: B]a

but for beB
Y B) = ([b.B])) = (1. ybBLy]] = [[1y:BbLy]] = [ 1vBb]] = [lwb.B]] -

Since y is in [y,b,B] but not in B, we know that |y,b,B|#B. It follows from Theorem (5.13.4) that
E3 #|ly,b,B|| . Consequently <0 ;éy and so the representation is faithful.

Let A and B be distinct elements of ||||(7 ) and C and D distinct elements of =(7 ). Choose a from
AAB such that is not in BAD. Then a8 (A) =C but a8 (B #D. Q.E.D.

(5.17) Discussion  Theorems (5.9) and (5.16) imply that the cartesian aggregates of a libra L
correspond exactly to the equivalence classes of cartesian representations of L. Along with the diagram of
(5.9.1) we have its obverse:

Pa 28
E . E E B Pa E
(VaeL) |M ael v and 1% a€L v (1)
Y Y
a — a
7, =(7, W7, =T,
Each column C of 7 intersects each row R of T in exactly one element:
{CAR}=CNR. (2)

Thus A may be viewed as a bijection from [|[|(7) x =(7 ) onto 7. The operator @ is actually a representation
of the symmetrization libra LxL of L, and it is equivalent to the symmetrization ¥ of the representation p:

2
pxa — e X7
XV XV
Y Y
V(a,b]eLxL _ _ 3
( ) mT) x=(T, (T, x =(T, (3)
A AN
Y Y
T a@b . T
(where puxv((x,y])=(un(x),v(y)]). It is a corollary to Theorem (5.12) that
the symmetrization representation ¥ is faithful. (4)

The cardinality of [|[|(7 ) is the same as the cardinality of =(7 ) : we define the dimension of T to be
that cardinal number. Thus the cardinality of 7 is the square of its dimension.
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For a€L we define the diagonal of 7 determined by a to be
\a\ = {AeT :acA}]. (5)

The cardinality of such a diagonal is the same as the dimension of T .

A diagonal \2\ can be used to give form to an aggregate in the sense that it associates to each column
a row, and vice versa. A column C is a partition of L and so has exactly one element contained in \a\ :
this is the element C AN\, . We have the bijections

T3¢ —[CANGN]€S(T) and  =(T)5R < [RANG\] €T . (6)

If {A;:ieN} is a well ordering of \a\, , then the aggregate 7 may be visualized as the elements of a matrix:

A, AR - AR
Aﬂ/\EAl A, Az/\EAn

B BBl - A

@

Once an aggregate is visualized as a matrix, one can depict the actions of the operators x@y and x
for {x,y} CL. Let for instance B be an element of 7 and b an element of B. Then x is in |x,b,B] and y in
|B,b,y| and so

IBby| ... B ... |Bbx| ... B
: P | and S S (8)
x@y(B) ... |xbB| ... .. 2B ... |xbB]

In the case x=a, there exists {i,j} CN such that [B,b,a] =A; and [a,b,B| = A; and so the second matrix of
(8) becomes

We say then that B and a® B) are symmetric relative to \&\, . More formally, two elements B and C of
T are symmetric relative to the diagonal of 7 determined by a if C=|a,B,a].
We shall say that B and C in 7 are skew provided that

Bl#[C] and [Cl#[BI. (10)

We shall say that B and C in 7 are a-skew provided that they are skew and that they are not symmetric
relative to a.
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(5.18) Theorem Let x be in a libra L and let 7 be a cartesian aggregate for L. Then

(v{AB}cT) ®P(A)=B «— xe([AAB)n (B[R] (1)
and VAeT) LP(A)=A —xecA —xD([A]) =[4]. 2)
Proof. [<L] Suppose that x2(A) =B for {AB}C T . Let a be an element of A . Then
B=x2(A) = [x,Ax| = |x,|a,A8) x| = | [xaA],ax] = |[xaA]=|Bxal. (3)
Thus
x=|xaa) €|xaA] 20 [AAB]. (4)

Now let b be an element of B. Then
A=L60x@ (A) =@ (B) = |x,Bx| = [x,b,B,bx| = | |x,b,B|,bx] == |Ax,b| = |x,b,B].
This implies that x = |x,b,b| € |x,b,B] = B]/\EA which, with (4) yields x & ( A]/\E3 )N ( B]/\EA )
[&] Suppose that x is in ( A]/\ES )N ( Bj/\EA ). Let a be in A and b in B. Then x is in A]/\E?)

which implies that |x,a,A|=|B,b,x]. That x is in B]/\EX implies that |A,a,x| =|x,b,B|. Hence

|B,b,|x,a,x] | =[|B,bx],a,x] =|[x,a,A],a,x] = |x,a,|Aa,x] | = |x,a,|x,b,B| | = |x,a,],b,B] .
The only right translate of B which is also a left translate of B is B itself. Thus

=|B,b,|x,ax|] = (3{c,d}CB) c=|db,|x8,a]] — |x,a,x| =|b,d,c|] €B
Consequently
L (A) = |xAx|CB = |xax|=|bdc|eB

which establishes (1).

When A =B we have ( A]/\E3 )N ( B]/\EA )=ANA=A. Thus the first <= of (2) is a special case

of (1). For x in X
x A] :IX,A7X = A

Suppose, on the other hand, that <0 A] =A, and let a be any element of A. Evidently x€ |x,a,A| and
SO

x = |x,x,x] €|x,|x,8,A] x| = |x,Aaxx| =|xaa,Aa] =|x,a,A].
Thus [x,|x,a,A |,x] :x® |x,a,A|) is both a right translate and a left translate of A, whence follows it must
be A. Hence x€ [x,a,A| = A. This finishes the proof of the second “ «<=" of (2). Q.E.D.

(5.19) Notation Let X bein [[||(7) U =(T ) and let x be in L. Since X is a partition of L, we
may define

xAX =Y forxeY and YeX. (1)

(5.20) Theorem Let T be a cartesian aggregate for a libra L and let {a,b} CL. Then a@b agrees

33



with a on |[|I(7) and agrees with b on =(7).
Proof. For Te7 and teT

{la,|m,t,T],a] :meL}={|a,T,[t,mal]:meL}={[a,Tn|:neL}=

{|a,T,[t,m,b|| :meL}={|a,|mt,T|b| :meL}=amb(|T]

and
{Ib,[ T tm] b s meL} = {[[bm,t],t,b) smeL} = {[n,T,b] ineL} =

{|lam,t],T,b] :meL} = {|a,|T,t;m|,b| :meL}=amb([T]).

Q.E.D.
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6. Libra Incidence

(6.1) Incidence Relations A function libra from one set X to another Y is sometimes subject to
a curious involution when there exists what is called an “incidence relation between X and Y”.
Let < be any non-void graph.!® We introduce the notation

(VAB)ezxT) A’ ={ye™:(VacA) [ay)cc} and B’ ={xe:(VbeB) (xblcc}, (1)
A =AY and B = (B, )
AOOO E(AOO)O and BOOO = (BOO)O ) (3)

It is evident that, if A"CAC;Zy and B CBCE', then
A°cA® and B°cB”’ (4)
and so

(e]e]e) () 000 o

(VACmand BC=') A=A and B =B. (5)

For AC = and BC= we say that A" is the span of A and that B” is the span of B relative to the
graph <. When dealing with singletons {s} for s€ U= we will at times employ the notation

s® = {s}o, s%° = {S}OO and s°° = {s}oo. (6)
The notation
X<y (7)

will be taken to have the same meaning as [x,y]€=<.
The graph < C 1 x< will be said to be an incidence relation from & to = if

Vixylez=x=) {x}=x* and {y}=y*. (8)

A necessary and sufficient condition for a graph < to be an incidence relation is that both
(V{x,y} Ci=y a doubleton)(Fz€=") [(x,z) €< and [y,z]g < 9)

and (V{x,y} =" a doubleton)(3z€ =) (z,x]€< and (z,y)d <. (10)

A direct consequence of (9) is that, for an incidence relation <,

(o)

C—pg="1 . (11)

[&
[

For a doubleton {a,b} either in < or in =, we adopt the notation

—

ab = {ab} . (12)

If

10" By a graph we mean here a “relation” or a subset of a cartesian product of sets.
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(V{x,y}C=)(Fz€=") x<z and yoz, (13)

and (V{xy}Cc="(3zey) zox and z<y, (14)

we shall say that < is a properly linear incidence relation. An incidence relation < is properly linear if,

and only if
(V{a,b} C = a doubleton) ﬁ) # 12 (15)
and (V {a,b} C= a doubleton) ab £, (16)

We shall call the function (2IZI U 2@) SX X e <2|:| U 2@) the exclusive set function associated

with <.

(6.2) Libra Twining Relation  Let [,,| be a libra trinary operation on a libra L. The libra
twining relation is the graph

£ = {[x,y]eLxL: |xyx|=y and x#y}. (1)
In this context we shall replace the associated exclusive set function symbols A° and x°, respectively, by

A and x°, (2)

respectively.

If the libra twining relation is properly linear, we shall say that L is a properly linear libra.

(6.3) Theorem Let B be a balanced subset of a libra L and let A be a non-void subset of L. Then
BN A is balanced if, and only if, it is abelian.
Proof. For {a,b,c} CBNA andi€A

Lia La,b,cj 7iJ = Li,c,b,a,ij = Li,c,i,i,b,i,i,a,iJ = Hi,C,iJ,Li,b,iJ ) UaaaiJJ = Lc,b,aj

which implies that |a,b,c| isin i precisely if |a,b,c|] =|c,b,a]. Q.E.D.

(6.4) Theorem Let L be a libra and let A and B be balanced span subsets of L. Then
A=B < B=A . (1)

Furthermore, if (1) holds, then

A UB is balanced. (2)

Proof. Suppose that A=B . Then A =B . Since B is a span, it follows that B=B . Hence B=A .
That B=A implies A=B follows from an analogous argument.

We now suppose that A=B . Let {x,y,2} CAUB. If {x,y,z} CA or {x,y,2} CB, then |x,y,z| would be
in AUB since both A and B are balanced. Thus, without loss of generality, we can and shall suppose that
{x,y} CA and ze€B. We need to show that {|x,y,z|,|x,2,y],|2,x,y]} CAUB — but since z is in A we see
that all three are the same. We see
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\_a’ I_X7Y7ZJ’aJ = La,Z,Ly,X,ZH = I_a7z7\_a7X>YH = |_a7z7a,XvYJ =

I_a)a7Z7X’yJ = I_a’a7X’Z’yJ = La”aﬂX?y?ZJ = I_X7Y7ZJ *

It follows that |x,y,z] isin A =BC(AUB). It follows that AUB is balanced.Q.E.D.

(6.5) Theorem Let A and B be spans and such that A=B . Then

(V{a,b]€AxB) B=|ab,A]. (1)

Proof. From (6.4) follows that A UB is abelian. Let {a’,a”} be in A. We have

|a”,|a,b,a’],a” | =]a",a",baa” | =|a",a",a,ab,a,a” | =|a”,a",a,|a,b,al,a” | = |a,a",a" b,a” | =

|a”,a",a,a,ba,a” | =|a”,a’,a,|a,bal,a” | =|a,a’,b| = |a,a’ba’,a’| = |a,|a’,ba’|,a"| = |a,b,a’| .
This shows that |a,b,A| is a subset A : thus

la,b,A|CB. (2)
On the other hand,
b=lab,al€|a,b,A]
which implies
BcC|ab,Aj.

This, with (2), implies that B=|a,b,A| .Q.E.D.

(6.6) Definition We shall say that a libra L is a canopy if there exists a€ L such that

(VBCL balanced: a®*CcB) B=L. (1)

(6.7) Theorem If a libra L is a canopy, then

(VeeL)(VBCL balanced: ¢*CcB) B=L. (1)

Proof. Let a€L be such that (6.6.1) holds. Let ¢ be in L and let B be any balanced set in L for which
c*CB. If x is an element of a®, then

|[x,a,b],b,[x,a,b] | =||x,8,x],a,b] =|a,a,b| =b == |x,a,b]€b =— [x,a,b]€B == x€|B,b,a].
It follows that a®*C |B,b,a|, whence follows that L = |B,b,a], which implies that L=B. Q.E.D.

(6.8) Theorem Let L be a canopy libra and let {u,v} CL. Then there exists neN odd and
{x1,- .- ,Xp} Cu® such that

[X1ye - yXpn] = V. (1)
Proof. Let a be as in (6.6.1). Since no proper balanced subset of L contains a* as a subset, and since

{|t1s--,tn) :n€Nis odd and {t,,...,t,} Ca’}

is a balanced subset of L containing a®, there exists neN odd and
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{t1,---,tatCa (2)

such that
Lb1,- - -t ) = [asu,v] (3)
For i=1,...,n and x=|u,a,t;]
[X1, - 5% ] = [[wa,t1 ], [watse], [ w,a,ts],. .., wat, || =
[w,a,t1,b0,8,u,u,8,t3,. . ., w,a,t, | = [w,a,tq,t0t,. .. b, | = [wa,[a,u,v] | =v.

Moreover, for each i

by (2)

[ux,u| = [u,|wat;|u] = |ut,a,uu] =|[u,t;,al |w,a,t; | =x;

and so {xy,...,x,} Cu®. This with (3) proves (1). Q.E.D.
(6.9) Theorem Let L be a canopy libra. Then < is an incidence relation.
Proof. Assume that £ were not an incidence relation. Then there would exist a doubleton {a,b} CL such

that bea®. Since L is a canopy libra, there would exist c€ (LNb ). Since L is a canopy libra, there would
exist n€N odd and {x,...,x,} Ca® such that c=|xy,...,x,] . But then

Lb,C,bJ = |_b7|_X17' . 7XnJ 7bJ = |_b7Xn7‘ o 7X17bJ = vaxmbvbv' .. 7b7b71abJ =
| [byXy,b],. .. [bx1,b]| =|x1,. - Xq] =¢

which would be absurd. Q.E.D.
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7. A Quadric Surface

(7.1) Purpose In this section we shall introduce an example which illustrates the concepts
introduced in Sections (4), (5) and (6), and which provides motivation for much of the sequel.

(7.2) Real Projective Space  Within that three-dimensional space E in which we seem to live,
parallel lines seem to run together towards a point which we sometimes describe as lying “at infinity”. We
shall denote the set of all such “virtual” points by

oo(E) . (1)
From each virtual point p emanates a maximal family of mutually parallel lines in E. We may change
intuition to a logical system by defining

E=EUx(E). (2)

If L is a line in E, we shall write the virtual point towards which it tends as

oo(LL (3)

There is a natural topology on E of which the restriction to E is the euclidean topology of E, and
relative to which, E is an open subset of E.'! For any subset A of E, we shall write

A (4)

for the topological closure of A in E. By a line in E we shall mean either L for aline L in E, or PNoo(E
for a plane P in E. We shall say that co(E) is the plane at infinity and that any line of E which lies entirely
in the plane at infinity to be a line at infinity. By a plane in E, we shall either mean the plane at infinity
or ﬁ, for P a plane in E. The set E is called real projective space. We shall refer to the family of lines
in E as

[Elines (5)
and the family of planes in E as

Eplanes . (6)

By a projective subset of E, we shall mean either a point, a line or a plane in E. The smallest
projective set containing a given set A as a subset, will be written

A. (7)

If {a1,...,a,} is a finite subset of E, we shall sometimes employ the notation

To describe a basic open neighborhood of a point oo(L) of oo(E) , we consider any elliptic hyperpoloid H
of E such that the line L passes through both sheets. An elliptic hyperboloid H separates E A H into two
components: one of these contains complete lines and the other does not — we shall call the inside of H
the component which does not contain complete lines and denote it by H". Let F denote the family of lines

K which intersect both sheets of H. Then |J oo(K)U(KNH") is a basic neighborhood of oo(L) .
KeF
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a1, -2, = {a1,...,an} - (8)

Thus, for two distinct points a and b of E, H) denotes the line in E determined by a and b.
The reason for adding virtual points to the space in which we live is the wonderful symmetry thereby
achieved:
(1) every pair of distinct points determines a line — every pair of distinct planes determines a line;
(2) each disjoint point and line determines a plane — each line and each plane not containing that line
determine a point;
(3) each intersecting pair of distinct lines determines both a point and a plane.
These simple observations (1) through (3) lie on the surface of a deeper and more curious symmetry
induced by the so-called “polar mappings”. A bijection ¢|E<—>Epl‘mes is said to be a polar mapping
provided

(V{xy}CE) x€¢ly) «—=yegplx 9)

and that
Poles(¢) = {xeE:x€¢(x)} (10)

is non-void. The elements of the set Poles(¢) are called the poles of ¢.
By an automorphism of E we shall mean a permutation of E which maps lines onto lines. The
conjugate of an automorphism @ is the function

g°|EPlanes 5Py (xeE:0(x) P} cEPlanes (11)

We say that two subsets A and B of E are qualitatively the same provided that there exists an automor-
phism 6 of E such that'?

(A =B (12)

and that two polar mappings a and (8 are qualitatively the same provided that

0 ool =4. (13)

It turns out that two polar mappings are qualitatively the same if, and only if, their sets of poles are
qualitatively the same.

The set of poles of a polar mapping is called a quadric surface, or sometimes just a quadric. The
condition of being qualitatively the same is an equivalence relation on the family of all quadrics, and relative
to that equivalence relation there are exactly two classes. We shall call one class spheroidal and one class
toroidal.

(7.3) Spheroidal Quadric Surfaces Spheroidal quadric surfaces are those of which their inter-
sections with E are either ellipsoids, elliptic paraboloids or elliptic hyperboloids of two sheets. Spheroidal
quadrics coming from ellipsoids of course do not intersect oo(E), spheroidal quadrics coming from elliptic
paraboloids are tangent to oo(E) and spheroidal quadrics coming from elliptic hyperboloids of two sheets

intersect oo(E) on a closed curve.

12 We recall that @ (A ={0(x) :x€A}.
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Let S be a spheroidal quadric surface. Let o denote the polar mapping of which
S=Poles (o). (1)

For any point x€S, o(x) is the plane in E tangent to S at x. Obviously S separates its complement in E into
two connected components, of which one contains complete lines: we call that component the outside of S
— the other component is the inside of S '3 If x is a point outside S, then there exists a cone with vertex S
of which the lines are tangent to S — the points of tangency comprise the intersection of a plane o(x) with
S. If x is a point inside S, then o(x] is the locus of all points y such that x€o(y) .

By a spheroidal polar mapping we shall mean a polar mapping of which the quadric surface of poles
is a spheroidal quadric surface.

(7.4) Toroidal Quadric Surfaces Toroidal quadric surfaces are those of which their intersections
with E are either hyperbolic paraboloids or elliptic hyperboloids of one sheet. Toroidal quadrics coming
from hyperbolic paraboloids are tangent to oo(E) , while those coming from elliptic hyperboloids intersect
oo(E) at a closed curve. The complement of a toroidal quadric has two components, both of which contain
complete lines, and these components are qualitatively the same. We shall call these disjoint components
the halves of real projective space relative to the toroidal quadric surface.

Probably the simplest example is a circular hyperboloid T .**

Fig. 9: Section of a Toroidal Quadric (from a circular hyperboloid)

As distinct from spheroidal quadrics, which contain no lines, toroidal quadrics are unions of lines. In
fact, any three lines which are pairwise disjoint are contained in a unique toroidal quadric. For three such
lines K, M and N, we shall show how such a quadric Quadric(K,M,N) is constructed.

Construction. Each element m of M is on exactly one plane containing K. The intersection of that plane
with N is a singleton n(m,K,M) . Then

————
UM m,n(m,K,M) = Quadric(K,M,N) . (1)
Xe

Evidently the concepts of outside and inside extend to general spheroidal quadric surfaces. The toroidal

quadric surfaces do not have an outside and an inside.
Sometimes called a hyperboloid of revolution, since it can be formed by rotating a hyperbola around the

principal axis which does not intersect the hyperbola.
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The family of lines in (1) is called a regulus and each such line is called a rule of the regulus. If we take
any three distinct lines K”, M” and N” from this regulus, then these lines are pairwise disjoint and

Quadric(K,M,N) = Quadric(K’,M",N".) (2)

Furthermore, the regulus obtained from the analogous construction using K, M” and N”, is disjoint from
the other regulus and the union of the two reguli comprises all the lines in the quadric. For the example of
Figure (9), we illustrate these two reguli as follows:

Fig. 10: Elements of the Two Reguli of a Toroidal Quadric

If we write T] and [T for the two reguli of a toroidal quadric surface T, then, for each M€ T] and Ne ([T,
M NN is a singleton in T — we shall denote this singleton by MAN . It is evident from Figure (10) that there
is a natural topology on each of the reguli such that each one of them is homeomorphic to the circle. The
bijection

T|x[T3[M,N)— MANeT (3)

is actually a homeomorphism, and so T is homeomorphic to a torus.'®

Let 7 denote the polar mapping satisfying
T=Poles(7). 4)

For xe€T, 7(x] is the plane tangent to T at x. This plane contains two lines lying in T: one 7;(x) a member
of T] and one 7c(x) a member of [T. Thus

(VxeT) 7(x) = 74lx]UTc(x) . (5)

15 Tt is for this reason that we call such quadric surfaces toroidal.
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Fig. 11: Rules through a Point

For x€e EAT, 7(x) is the plane of E of which the intersection with T is the set of all points t €T such
that ﬁa() is tangent to T. We define

L=EAT. (6)

Related to the restriction of 7 to L is the mapping

$HLax—teT? (7)
where,
(VIxt)ELXT) %t NT={t}(t)}. (8)

Fig. 12: Involutions of T

Thus, for each x€L. and t€T, ¥, (t) is the point other than t on the line X<—>,t . Of course 7, (t) =t if the line
)<<_,t>is tangent to T. The connection between 7 and 7 comes from the fact that, for each x€L and t€T,
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{(73(x) (E)A (T (%) (T (8)), (7 (%) (8))A (T4 (%) (T2 (£) )} C7(x) (9)

RN N

For each x€IL, we shall write 375, to the restriction of (%) to the regulus [T, thus,

(V(x,L]eLx[T) 37t (L) ={%(t):teL}. (10)

For x€LL and L in [T, the image 37L, (L) is a line in T| and is the intersection of T with the rest of the

—

plane determined by x and L,

(¢xel) 375, |[ToL— ((((xJUL) AL)NT) . (11)

Fig. 13: The Function 37T

R T
It is a remarkable but true fact that the range "I7L" of 37T is a balanced subset of the function libra EE I
Since the function L3x < 378, € 7L is a bijection, we can define a libra operator [,,] on L to be the unique

libra operator on I such that

(V(xyz) eLxLxL) 378, = [3I78,,37C,, 370, ] . (12)

In the construction of the preceding paragraph, the reguli [T and T] could have been interchanged to
obtain a function E73 such that

(vxelL) 7, |T]sL ((((x}UL) AL)NT)€[T. (13)

The libra operator on L which would have in this way been induced, is just the obverse [,,| of the libra
operator |,,].

By a toroidal polar mapping we shall mean a polar mapping of which the quadric surface of poles is
a toroidal quadric surface.

(7.5) The Libra Operator on L. For any subset A of E, we define the trace A of A to be just

A=ANL. (1)

Thus we may speak of line traces and plane traces.
Let |,,] be the libra operator on L as defined in (7.4.12). The balanced subsets of L are the singletons,
the line traces and the plane traces P for the planes P tangent to T .
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We recall the libra twining relation of (6.2):
< = {[xyJeLxL: |xyx]=y and x#y} (2)

and the associated operators

(Vxel) x* = {yeLA{x}:[xyx] =y} (3)
and
(VACL) A" =  a°. (4)
acA

We recall that a subset A of L is said to be a span if

A=A", (5)

It is not difficult to check that

{x*:xeL} = {r(x) :xeL} (6)

which is the family of plane traces p , where P is a plane in E not tangent to T . It follows that, for any line
L] —_—

trace K of a line K¢gT, K s the intersection of the plane traces 7(x) , for x in K. Thus
e
(VKeRYNmes A(TJU[T)) K is a line trace. (7)

Relative to T', we may separate the lines in E into four types: those which are subsets of T', those which
intersect T in two points (incident), those which are tangent to T (accident) and those which are disjoint
from T (excident). The following figure illustrates the situation for each of the last three:

Fig. 14: Incident, Excident and Accident Line Traces and their Duals

We note that an accident line trace and its dual are on a common plane trace of a plane tangent to T.

Line traces, besides being spans, are balanced. It follows from Theorem (6.3) that line traces have
an abelian libra structure. The corresponding libra groups are quite familiar: the groups corresponding to
incidental line traces are all isomorphic to the multiplicative group of real numbers; the groups corresponding
to excidental lines are all isomorphic to the group of complex numbers of unit modulus and the groups
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corresponding to accidental line traces are all isomorphic to the additive group of real numbers.
Let B be the trace of a plane tangent to T at a point q. For each element beB, it is evident that
75 (q) =q and that

(Vxel) 3Irti(rplq)) =74lq) <= x€B. (8)

It follows that B is balanced in L. It is abelian as well. The set B is void, and so

B =L (9)

Fig. 15: A Plane B Tangent to T at a Point q Showing the Lines 74(q) and 7 (q]

(7.6) Normal Simplices A simplex in E is a quadrupleton S = {p,q,r,s} such that, for each x€S,
x is not in the smallest projective subset of E containing S A {x} .

Let ¢|IE < EPlanes he any bijection such that (7.2.9) holds. If L is a line in E and P a plane in E, then
we shall say that L and P are normal relative to ¢ provided that L¢ZP and there exists p&€L such that
¢(p) =P. If S is a simplex such that, for each x€S, (SA {x}) C¢(x), then we shall say that S is a ¢-normal
simplex.

Suppose that W is any plane in E and that w=¢ ' (W) . For any x in W, ¢(x) intersects W in a line
L. For any y€L, ¢(y) intersects L in a singleton {z} . Evidently {w,x,y,2} is a ¢-normal simplex. We have
shown that

VweE)(3{xyz}Cod(w)) {wxyz} is a ¢-normal simplex. (1)

Now suppose that ¢ is a toroidal polar mapping 7, and that {w,x,y,z} is a simplex, normal with respect
to ¢ . We shall show:

w=[xy,z]. (2)
Proof. If x equaled |x,y,z|, then |x,z,2] = |x,y,z] and so

y= I_Z7Z7Y7X7XJ = |_Z7|_X7Y7ZJ ,XJ = |_Z,|_X,Z,ZJ 7XJ = LZaZaZaXvXJ =z
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which would be absurd. A similar argument shows that |x,y,z| #z. If |x,y,z] equaled y, then, since
[x,y.z] = [xyxx2] = yxz],
we would have |y,x,x| =y =|y,x,z] and so
x= [xyyxx] = [y lyxx] | = [xylyxz] | = [xyyxz] =2
which would be absurd. We have thus far shown that
[x.y,2] € {x.y:2} - 3)

We have
|_X7 |_X7Y7ZJ 7XJ - LX7Z7y7X7XJ - LX7Z7y7Z7ZJ - I_X7 I_Z7y7ZJ 7ZJ - |_X7Y7ZJ 9
v, [xy.2],y] = [y,2y:x5] = [x,x,y,%,X,2,xXy,xy] = X [x,yx],[x2x],|xyx],y] = [xy,2yy] = [xy2]

and LZﬂ LXaYaZJ 7ZJ = LZaZaYaX’ZJ = LX,X7Y7X3ZJ = va LXaYaXJ 7ZJ = LX7Y7ZJ

which taken together, along with (3), implies that
|x,y.z] €x*Ny*Nz* = 7(x)N7ly) N7(z) = {w}.

It follows that |x,y,z| =w. Q.E.D.

(7.7) Meridian Conic Sections Consider a plane in E which is not tangent to T. That plane is
the image 7(p) for some point p€L. We shall write C for the intersection of that plane with T, and P for
the trace of that plane. The union of the lines p,¢ for c€C is a cone K and C is a conic section of that cone.
The set C has a meridian structure as given in (1.9) and is a circular meridian relative to this structure. The
family of functions

{C3c—T,(c)eC:xeP} (1)

is the meridian family of involutions for C. The function -, |C dc—=Tlc) € [T is a bijection and so induces

a meridian structure on [T . Similarly the function Vs |Cac<—>73 c¢) €T] is a bijection and so induces a

1

meridian structure on T]. Evidently 7,0(7,)”" is a meridian isomorphism from [T onto T]. It can be

described precisely as

[Ta)— 7,(JAC) € T] or, more succinctly, L, . (2)

It is not difficult to show that all meridian isomorphisms from [T onto T] arise in this way: that

{37L, :x€L} is the family of meridian isomorphisms from [T onto TJ. (3)

One consequence of (3) is that
{¢C,I|CBC<—> ((3rty Telc JAC)€C:x€L} is the group of homographies of C. (4)
It is in fact possible to describe the various types of meridian homographies in terms of the geometry of
E. Recall that K is the cone with vertex p containing C. The cone K separates E into two components —

we shall call R that component containing the inside of C and D the component containing the outside of
C. The function ¢¢, is the identity of G and
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{pc:xeKA{p}} is the family of translations of C, (5)
{¢c,z :x€R} is the family of pure rotations of C (6)

and {¢c»:x€D} is the family of dilations of C. (7)

Now let x be any element of L. Since ¢¢,, is a homography of C, it follows from (1.3.5) that there exist
involutions ¢¢ , and ¢¢p of C such that

PCx=0C,a°PC,p - (8)

That ¢¢,, and ¢cp are involutions means that {a,b} CP. It follows from (7) that

la,p,b| =x. (9)

Using the construction of (7.6) one can obtain a ¢,-normal simplex {p,b,r,s} CIL. We note that by that
construction the points r and s must be in P. It follows from (7.6.2) that b=|p,r,s|. It now follows from
(8) that

X= La,p,[pms“ =lars]. (10)

Since {a,r,s} CP, we have shown that

L is a canopy libra (11)
in the sense of (6.6).

(7.8) A Cartesian Aggregate of Balanced Sets Let 7 be a toroidal polar mapping and let T
be its set of poles. For each subset A of E, we shall denote

A" = [POL:PecEPlanes and ACP}. (1)

It follows from (7.7.10) that the traces of planes which are not tangent to T cannot be balanced in
L. However planes tangent to T are balanced. In fact the set

T = {LN(7(t)):teT} (2)
constitutes an aggregate of balanced sets. For any line J in [T , the we have

T emT (3)

and in fact the function E S5J— J*E [III(7 ) is a bijection. Similarly

T|>K—K €=(T) isa bijection. (4)

Condition (5.11.1) in the present context is that, given any doubleton {a,b} CL, there is a plane P
tangent to T such that a€P and b¢ P . Condition (5.11.2) is that, given any plane trace P in 7 and any
set {a,b} CL such that |a,P,b| =P, both a and b must be in P. It can be shown that both these conditions
are fulfilled, and so
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T is a cartesion aggregate of balanced sets. (5)

Let a and b be any two elements of L and P any element of 7 . Then the plane Pis tangent to T at a point
p: 7(p) =P. Then, if p” is any point in P, we have

la,p,P| =Ln{a}Ur(p): (6)

the trace of the plane determined by a and the line in [T which lies in P. Similarly,

|P,p’a] =LNn{a}ur,(p : (7)

the trace of the plane determined by a and the line in T| which lies in P. Furthermore

F S

a@b(P) = |aPb] = LN (7.(%.(p)))U(r4(%(p))) - (8)

and, in particular,

L2p) = la,Pa] = LN7(7,(p)). (9)

If J is any line in [T , then

amb (1) = (375, (J) (10)
and, if K is any line in 1],
* *
aflb(K ) =(t73, (K)) . (11)
In particular
vIell) 20" =@ ). (12)

To more readily illustrate the structure of I induced by a diagonal, we suppose that T is generated by
taking a circle C in euclidian space, taking a line L tangent to C lying in a vertical plane tangent to C at the
point of tangency of L, and such that L makes an angle of 7/4 with the plane determined by C. We then
move the line continuously around the circle maintaining the angle and the property that the line continues
to lie in a vertical tangent plane. The locus of the points on these lines is as indicated by the following figure.
We write P for the plane determined by the circle C .16

Alternatively we could construct an orthogonal rectangular coordinate system [x,y,z], denote by C the set
{tcE:z(t)=0and z(t)® +y(t)*=1}.
and denote by T the quadric surface of which the intersection with E is

{teB:z(t)® +y(t)>=1+2(t)%}.
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Fig. 16: Section of a Quadric from a Circle
Two plane traces in 7 are skew if their line of intersection is not contained in T .

Let p be the point in oo(E) such that each line in E through p is a vertical line. Then 7(p) is just P,
which is also p®. The diagonal \P\ determined by p is then the family of all those vertical planes which
are tangent to C, hence \p\ is in one to one correspondence with the points of C.

Suppose that A is an element of 7 not contained in the diagonal \P\ Then A intersects C in two
points a; and ay . The plane trace symmetric to A with respect to p is just the trace of the other plane in
T which passes through a; and as. Thus two plane traces A and B are p-skew if their line of intersection
is not contained in T and is not contained in P (i.e. 7(p)).

(7.9) Representations  The function 37T is a cartesian representation of L from the set [T to
the set T]: in fact this representation was used to define the libra operator on L. The function £73 is the

obverse representation of 7L .

The left 7-inner representation A of IL is of course equivalent to 37t . The equivalence between the two
is shown by the following equality:

* *

(V{aJ]eLx[T) (It (3)) =AalT ). (1)

We now turn to a natural representation of the symmetrization of the libra operator |,,] on L. We
consider the set ILxIL with the libra operator

(V(xyzlilabel)elxl)  [[xal,lyblzell =[xyzl,[abe]) = [[xy.z],[c,b,al ). (2)

We define §|LxL < T7 by, for all [a,b] eLxL,
(VXET) Opap(x) = (I70a(x))A(ETIy (X)) (3)
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Fig. 17: Symmetrization Representation
This representation is equivalent to the symmetrization of the representation 37C | and so also equivalent to
the symmetrization of the 7 -inner representation A of L. As we know from (5.17.3), this latter representation

is equivalent to the representation

LXLB[X,&J‘—)X@&ETT . (4)

The family {x® :x€L} is a subfamily of the range {x®@a: {x,a} CL} of the above representation. For a general
meridian, one may ask the question: is {x®@a: {x,a} CL} the smallest balanced subset of the function libra

77 containing {x® :x€L} ? In the present context, that question is equivalent to whether or not

{01 : [x,2] CLL} is the smallest balanced set containing {8 : [x,x) CL} ="(9) ? (5)

We shall defer the answer to (9.7) infra.
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8. Meridian Libras

(8.1) Discussion  The group of homographies of a meridian is a function libra £. In this section
we characterize which libras appear in this way and investigate their properties.

(8.2) Notation Let 7 be a homogeneous aggregate of balanced subsets of a libra L. For ACT
and {a,b} CL we define

la,Ab] = {[a,Ab] : AcAl}. (1)

(8.3) Theorem Let T be a cartesian aggregate of balanced subsets of a libra L such that 7 has
dimension at least 4. Suppose that there exists a€L such that

(VBeT) BnNa’is balanced and has more than one element (1)
and (V{B,D}CT7 : D and B are a-skew) BNDnNa’is a singleton. (2)
Let
M NT)) = {(@D)1ToxD :xea) . (3)
Then M, (|III(7T)) is a meridian family of involutions on [[||(7 ) .

Proof. For {x,a} CL such that |x,a,x| =a

(™)~ oxT)o((a) 1 ox™) = (aT) o (xFo(a) 1 ox™) L (4B ~To(|xax))H = ()~

oxX oxX oca

which shows that (a)_lox is an involution.
Suppose that {A,8,D,£} C IIl(T) satisfies {A,E}N{B,D}=p. If

la, AnaD (& J:B/\a D),

then (5.15) would imply that £=D, which would be absurd. It follows that AnaD (€] and BAaD (D) are
distinct and skew, and so (2) implies that

3jel) (AraB(e)nBrl (D)) Na® = {j).
Thus (a)_loj sends A to £ and B to D. If any other g€ M, (|l[I(7)) did the same, since
o= () 1ok,

we would have k in
(A/\s) (B/\D)ma

whence k=j and ¢ =(a ) - . This establishes (1.2.4).
Let P and Q be in [[||(T) . Suppose that {8,7,0} CM, ([T )) is such that 5(P) =~(P) =46(P) =Q. By
(3) there exists {b,c,d} Ca® such that

(a)flob =8 (a)floc —~ and (a)*lod 5.
Let P be the element of P which contains a and let Q be in Q. Let R= EQ A [ﬂ . Then

[Q = 2=8(P = @) ~tebT([]) = @) ([[b,2D]]) = [[ab.Pb ] =
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[[2,b.[P.b.a] ]| =[[Pb.a]| = [[P[b.a.b]b]| = [[Pab)]

which implies that
LP,abJeEQ NP] = [Pab)| :EQ AP]=R.

Thus b= |a,a,b| €|P,a,b] =R. Similarly, ¢ and d are in R as well. Hence {b,c,d} CRNa’. In view of (1)
this implies that |b,c,d] is in RNa®. From (6.3) it follows that

|b,c,d| =|d,c,b]. (4)

Now

(@)~ LobP)o((@™)~Loc®)o((a)~1ad®) (P) = (@) ~2obP)o((aT) 2 ocH)o (aT)~tod™) ([P =

[la,|b,la,c,|a,[d,Pd],a].cl,al,bl,a]| =|[[|a,b,al.cladal,aPa,ladalclabal|| =

[[b.c;da.Pa.dcb]| =[[a[alb.cdlal.P; aldcb]a]a]| 2O [[a b P, [b.e.d]al| =

() tolab,e/P ([P]) = (@P) o ab,e)P (P

which establishes (1.2.5).
Let 8 and v be in M, (|lll(7)) . Choose {b,c} Ca® such that 3= (a)_lob and v = (a)_loc . Then

Boylof= (a)*lobo(c)*loao(a)*lob = (a)*lobo(c)*lob = (a)flo Lb,c,bJ . (5

Furthermore

la,|b,c,bl,al =|a,b,a,|a,c,al,|abal]=|b,cb]
which implies that |b,c,b] €a®. This, with (5), establishes (1.2.6). Q.E.D.

(8.4) Remarks Consider the toroid function libra L of Section (7). The B of (8.3.1) is the trace
of a plane tangent to T and the a* of (8.3.1) is the trace of some plane not tangent to T. Thus, in this case,
(8.3.1) states that the intersection of two such plane traces has more than one element. In reality, it is a line
trace.

The B and D of (8.3.2) are the traces of two planes tangent to T such that 2 (B) #D. It follows that
the line trace BND is not contained in the plane trace a®, and so the intersection of the two is indeed a
point.

(8.5) Definition and Remarks A cartesian aggregate of balanced sets satisfying (8.3.1) and
(8.3.2), and of dimension at least 4, will be called a meridian aggregate. Thus ||[|(7 ) is a meridian with
meridian family of involutions M, ([|[I(7)) . We define

G [T )) (1)

to be the group of homographies of this meridian.
Evidently =(7 ) is a meridian as well, relative to the meridian family of involutions

{a0o(x0)-1:xea’y. 2)
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We define

s
I

(T)) and G,[=(T)) (3)

analogously.

(8.6) Remarks  Consider the toroid function libra L, the quadric T, the element a€L and the

circle C of (7.7.7). The mapping Co>t— (JTEt)*E IN(7) is a meridian isomorphism.
(8.7) Theorem Let 7 be a meridian aggregate of balanced subsets of a libra L. Then, for all beL
(VBeT) BN b" is balanced and has more than one element (1)

and (V{B,C}CT b-skew) BNCN b’ is a singleton. (2)

Fig. 18: A Tangent Plane and a Span Plane

If a and M, (|lII(T )) are as in (8.3.1), then

M INT ) ={(pP)ToxTxen’} 3)

Furthermore, if L is a properly linear libra, then

G (N7 1) = {(bT)~Lox :xeL}. (4)
Proof. [Q] Let B be in 7 . Let a be as in (8.3) and let b be in L. From (8.3.1) we know that there exists
a doubleton {r,s} € |a,b,B] Na’: let x=|b,a,r| and y=|b,a,s|. Evidently {x,y} CB and x#y. We have

Lb7x?bJ = Lb,b,a’I',bJ = LLa7r7a’J ’a’7bJ = La’7a"bJ :b (5)

and so x isin b’ Similarly, y is in b’ as well. We have shown that BNb" has more than one element.

Let x, y and z be any elements of B b’ . Evidently {|a,b,x|,|a,b,y],|a,b,z|} is a subset of |a,b,B| Nx*
and so (8.3.1) implies that there exists u€ [a,b,B] such that u=||a,b,x],|a,b,y]|,|a,b,z]|. Let weB be such
that u=|a,b,w]|. We have
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|x,y,z] = |b,a,a,bx,y,b,a,a,b,z| = b,a,|a,bx],[aby],|a,b,z]| = |bau] =w
which shows that BNb  is balanced. It follows that (1) holds.

[Q] Let now B and C be in T and be b-skew. Then|a,b,B| and |a,b,C] are |a,b,b|-skew: i.e. they

are a-skew. By (8.3.2), |a,b,B|N]a,b,C|Na’ is a singleton. Hence the intersection of B=|b,a,|a,b,B|],

C=b,a,|a,b,C|] and b = |b,a,a| is a singleton. This establishes (2).

[g] Let ¢ be any element of M, . There there exists y€a® such that ¢ = (a)_loy - Let x=b,a,y].

As above we see that x is in b and, since

o= (b obBo () Loy = (bF) 1 ox

)

it follows that M, ([I[I(T )) C {(b)_lox :x€b }. The reverse inclusion follows by a similar argument.

[g] Since My, is a meridian, it follows from (1.3.5) that

QbC{(b)_loX:XEL} (6)

Suppose now that L is a properly linear libra and that x is any element of L. Let {A,5,C} be any
tripleton in||[|(T) . By (1.2.2), there exists ¢ € My, such that

oA =0 1oxl A, ¢oB) =) 1oxB(B)  and ¢C) =0T oxlc) . (7)

By (1.3.5), there exists {y,z} €b such that ((b)_loy)O((b)_loz) =¢. Since L is a proper line libra,
there exists p€L such that {x,|y,b,z|} Cp*® From (7) follows

b -1o|ybz T (A) = D)oy bz D 4], GD)olybszD(B)=0D)1oxD (B
and
b -1olybz/Dic) = BD)1oxB(c
whence follows that
() tolybaBA) = P) o lybalP A, ) tolybaBB) = EF)exP s

and
(p)ilobﬁbyzj cC :(p)iloX C).

From (1.2.2) follows that (p)_lo Ly7b7ZJ _ (p)—lox . Consequently
1) 1oxB = (6B) 1oy b2 P = (6 10y B)o((bP)10/T)

which implies that x is in G,,. Q.E.D.

(8.8) Notation and Definition It is a consequence of Theorem (8.7) that the sets M, (lll(T
are independent of a. Consequently we shall denote this family of involutions of [|[|(7] simply by

MUINT ) - (1)

and the function libra G, by

GrmeT ) - (2)
For each peL, we know from (1.3.5) that
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ST ) = () orP)o((pP) L osP) : frx} cp*)
whence follows that

(VvpeLl) {|r,p,s):{r,s}Cp’} is a libra isomorphic with the libra G. (3)

We know from (8.7.4) that
L={|r,p,s] :{r,s} Cp*} for each peL if L is a properly linear libra L: (4)
whether the hypothesis that L be properly linear be a necessary condition to ensure this set equality, is not

known to the author at this time.

We shall say that L is a meridian libra if it has a meridian aggregate and the equality of (4) holds.

(8.9) Theorem Let M be a meridian with meridian family M of involutions and group G group
of homographies. Let L be the function libra G with libra operation

(Va,87)  leBr)=acp™toy.

Let ¢ denote the identity mapping on the set G, which also may be regarded as a representation of L from
the set M to the set M. Let T be abbreviation for the aggregate 7, as defined in (4.4.5). Then

¢ is equivalent to the left inner representation of L, (1)
T is a meridian aggregate (2)
and L is a properly linear libra. (3)

Thus L is a meridian libra with meridian aggregate T .
Proof. [(1)] Define the bijections

w7 )s[menl <neM and |7 )3 mZa]—meM.

Then, for «€G and meM,

_ =
l/OOt.O/J, Lim :Voa. Im£n =v(lam) Lot ml =a(m)=1t,(m

which establishes the equivalence.

[(2)] We first show that 7 is a cartesian aggregate, which, by the definition of this term, follows
once we have shown that ¢ is a cartesian representation. Let then {x,r} and {y,s} be doubleton subsets of
M. By (1.2.1) there exists ¢ €G such that ¢(x) =y and ¢(r) =s. By (5.8.1) it follows that ¢ is a cartesian
representation.

Next we show that (8.3.1) and (8.3.2) hold. Let then ¢ be the element a of L of (8.3.1) and (8.3.2). Then
the element B of (8.3.1) is a family of the form {¢p€G:¢(u) =v}, where {u,v} is a subset of M. The set ¢
is just M. Since M has at least four elements, there exists a doubleton {r,s} CM A {u,v}. By (1.2.4), there
exists {a,8} C M such that

au)=v, alr)=r, B(u) =v and S(r) =s.

Thus « and S are distinct elements of B. Than B is balanced follows from (1.2.5). This establishes (8.3.1).
Now let D be an element of 7 such that D and B are t-skew. Then there exists {m,n} CM such that
D={¢€G:¢(m)=n}. That B and D are t-skew just means that [u,v] # (mn]. It follows from (1.2.4) that
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there exists a unique element ¢ € M such that ¢)(u) =v and ¥ (m) =n. This establishes (8.3.2).
[(3)] Let 6 be any element of L. We shall first show that

0 NM+#£o. (4)

In view of the Jordon canonical form, we may choose a tripleton {0,1,00} of elements of M relative to which
either

(FaeM) o=(5 1) (5)

(FaeM) o=(5 1) (6)

where notation is as in (1.6).
If (5) holds, we define

v=(o1)
(61)°(7o)(s7)=(as)=2(70)=(30)

which means that ¢ is in § N M. If (6) holds, we define

v=(o5)

and check that

and check that
(a)o(o 56 a)=(5 %) =(s 2)=(2)

which means that ¢ is in # N M. We have established (5).

Now suppose that {a,8} CL. From (5) follows that there exists some y in (a~!of) NM. Letting
Y=«ox , we compute

Lvev] = laox,anaox | =aoxoa™toaox =aoxox =a
which implies that v is in a*. Furthermore
7871 = [aox,B,a0x ]| ZaOXOﬂ‘loaoxzao ”_Xﬂ_lo@XJ =aoaloff=4.

Thus 7 is in both o® and £ , which proves that L is a properly linear libra. Q.E.D.

(8.10) Definition, Notation and Discussion Let L be a meridian libra with a meridian aggregate
T of balanced subsets of L. It being somewhat cumbersome to deal with M (||I|/(7 )) and G(||II(7 )), we
shall at times deal with a representation p of L equivalent to the left 7 -inner representation. Such a
representation will be said to be characteristic. We shall reserve ,u| N7 ) E and 1/| =T )— E to
represent the bijections such that

(Va€eL) pazyoao;z,_l. (1)
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In this case we shall write M for [p and N for p]. We shall write G for the family of homographies of the
meridian M and M for the family of meridian involutions of M.

For a given a€L it is sometimes expedient to form the representation

B

=p.~top (2)
of L which has the property that M = F = %] . We shall say that %I is the a-representation founded on
p. In this case we shall sometimes denote one element of M by oo, write F for M A {0}, and then choose
two distinct elements 0 and 1 in F. We shall use the field operations of addition and multiplication defined
in F as in (1.6). Such a choice of 0, 1 and ~ will be called a choice of a basis for M. Adopting the
terminology of (1.6.2), for {a,b,c,d} CF and x€M, we have

a-x+b

if xeF and c-x+d #0;

cx+d
ab x| = b . (3)
cd i if x=00 and d #0;

00 otherwise.

From Theorem (8.7) we know that M is a meridian where

{x :x€a’} =M, the family of meridian involutions of M (4)

and

{%IX :x€L} =3, the family of homographies of M. (5)

(8.11) Remarks In the case where L=L as in (7.5), we take for p the function

T

L [T . (1)

Thus in this case
M=p=[T and N=p=T]. (2)

If C=a"NT, and
7|[T5K—KACeC, (3)
then

]Laa‘—%yoao”y_lecc (4)

is a characteristic representation of I of which the range is the set of homographies of the circle meridian.

(8.12) Theorem Let L be a meridian libra with meridian aggregate T . Let p be a characteristic
representation of L, and let %I be a corresponding a-representation. Then

(V{a,b,c} M and {u,v,w}€M tripletons)(3!x€L) %IX a)=u, %IX b) =v and %IX c)=w, (1)
(V{a,b,c} cM and {r,s,t} €N tripletons)(3!x€L) pyla) =1, p.(s) =v and p,(c) =t, (2)
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(V{AB,C} T ) and {U, Y W}C =(T ) tripletons)(3!x€L)
x Al =U, x B) =V and xC =W

and (V{A,B,C} CT pairwise skew) ANBNC is a singleton. (4)

Proof. [Q)] Follows from (1.2.1) applied to (8.7).

[(i>] Let |u,v,w|=|r,s,t] and apply (1).

[g] Follows from the fact that p and the left inner representation are equivalent.

[g] Let A, B and C in T be pairwise skew. Then EX , ES and EC are pairwise distinct, as are

A] , Eﬂ and C] . By (3) there is a unique x€L such that
<0 EA = A],X E3 = ]?Jandx EC = (3

By Theorem (5.18.2), this implies that x€ ANBNC. For any ye ANBNC it would also hold that
YRR =[A], y2([B]) = [B] and yF([C]) =[],

whence follows that y must be x. Q.E.D.

(8.13) Lemma Let L be a meridian libra with meridian aggregate 7 . Let p be an a-representation
for a€L. Let beL be distinct from a. Then there exists a choice of basis and {q,r} CF such that, if

(€ ), 2 £ 2 _of e -rd). 0,
A{(qd e).{e,d}CF and e® #qrd }andB{(qd _e>.{e,d}CF and e® #qrd®},

then
(V{u,v} CA a doubleton) {u,v} =B, (1)
(V{g,h} CB a doubleton) {g,h} =A 2)
and A"=B and B =A. (3)

Furthermore, these choices can be made such that

%‘b:(; ﬁ) ifbga® and %‘b:(g g) if bea (4)

Proof. Suppose first that bea®. Let 0 be any element of M and set co=py, (0) . Let 1 be any third element
distinct from 0 and oo and define q=1 and I‘Eb 1.
[g] Now suppose that b a®. It follows from (1.3.5) that there exists 7€ M with fixed points and

o€ M such that %Ib =¢oo. Let 0 and oo be the fixed points of 7 and let 1 be any third element of M distinct
! _O] ) . Since o is self-inverse, there exist {i,j,k} CF such that o = <11{ ) ) . Then

O .
m /10 1N (1]
”b*m"*(o —1>O ki) \-ki/"

-1

The hypothesis that b& a® insures that i cannot by 0. We let quk and rz’%. It is now evident that (4)
holds.

from 0 and co. Then 7= (
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[g] Whenever {u,v} CA, direct calculation shows that

BcC {u,v}.. (5)

Let {u,v} C A be a doubleton and choose{d,e,s,t} CF of cardinality 4 such that

D= (qed r;i) and e?#qrd? (6)
and

& t

Du= (qs rts> and t2#qrs?. (7)

Let p be a member of {u,v}. and choose {w,x,y,2} CM such that
%Ip:(;v }z(> and wz#Xxy. (8)

Then
ot = (3 )G 3G 3032

ez-1dy rdw-ex ) [ ew-qdx -rdw+ex
qdz-ey ew-qdx /) \ -qdz+ey ez-rdy /°

9)

ez-rdy rdw-ex

Equality (9) implies that the matrix {q dz-dy ew-qdx

} is a non-0 multiple k of the matrix

ew-qdx  -(rdw-ex)

~(qdz-dy) cz-rdy ] . If k=-1, then

rdw-rdy = —ew+qdx (10)

and, if k# -1, then

rdw-ex=0=qdz-ey and ez-rdy=ew-qdx. (11)

If e=0, then (11) and (6) imply that w=0=2 and ry =qx: thus

ry
m_ (wx\_ [0\ _(01ry\ (e rd) @
pp_<y Z>_<y g>_<qy 0)_<qd e)_pu' (12)

If e£0, then (11) and (6) imply

_.d _d _.d d _ . dye dy2
X=T5W, Y=(5%, 2=Igy+W-qgXx == z=1q(5)° z+w-qr(xg)*w =
2 2
(1—d—2rq)z=(1—d—2qr)wL(6)z:w:>X=rdy:->
e e
d
= woor(gw e rd =
=l ¢ =<qd e>=pu- (13)
q(g)w w

Since u is not in {u,v}. and p is, it follows from (12) and (13) that (11) cannot hold. It follows that
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(10) must hold, and so

e(z4w) = d(qx+ry)

holds. An analogous argument, using v instead of u, yields

t(z+w) =s(gx+ry).

From (14) and (15) follows that either

Z+W = 0=(QqxX+ry

or

D
wle.

If (17) held, then

%l :<e rd): % rd :(t rs):%
v qd e o % qs t v
which would be absurd since p is faithful. It follows that (16) holds and so
(-7 o)
y z S qy -qw)’
which in turn implies that p is in B. thus {u,v}. CB. This, with (5), establishes (1).

[i] Whenever {g,h} CB, direct calculations shows that

AC{g,h}..

Let {g,h} CB be a doubleton and choose {d,e,s,t} CF of cardinality 4 such that

€ -rd ) 12
(qd —e) and e #£qrd®,

(cjls _fil) and -tZ#qrs?.

Let p be a member of {g,h}. and choose {w,x,y,z} CM such that
p: (;,V )z() and wz#xy.

Then
B e -rd wWX\_1_ (WX e ~rd) .y _ |
lg:p.gl=p <qd _e)o(y Z) _(y Z>O(qd -e>

(ez—i—rdy —ex—rdw> B (qu—i—ew —ex—rdw)

qdz+ey -qdx-ew ) \ qdztey -ez-rdy

ez+rdy -exr-rdw

Equality (22) implies that the matrix [qdz—i—cy _qdz—ew
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qdr + ew -ex-rdw

qdz +ey -ez-rdy |’ If k=1, then

ez+rdy = qdx+ew (23)

and if k# 1, then

—ez-rdw=0=qdz+ey and ez+rdy= -qdx-ew. (24)

If e=0, then (24) and (19) imply that w=0=2z and ry = -qx: thus
ry
) W X 0 —-—= e -rd &
e = q e e .
v (y Z> (Y 0 ) (qd -€ ) P (25)

If e#£0, then (24) and (19) imply that

x=-1dw, y=-adz, 2= @y-w-adx=—=2=rq@d)?s-w+ar@)?w—
(1 —(%)zrq)z =-(1 —(%)qu)wby (19) 7= -W X = -rdy ==
d
@ v -r(gw (e -rd\ @
Pp= d _(qd _e>—Pg' (26)

adw  -w

Since u is not in {u,v}. and p is, it follows from (25) and (26) that (24) cannot hold. Thus (23) must hold,
and so

e(z-w)=d(qx-ry) (27)

holds. An analogous argument, using h instead of g, yields

t(z-w)=s(gx-ry). (28)
From (27) and (28) follows that either
Z-W=0=(Qqx-Ty (29)
or
e
=9 (30)

If (30) held, then

f- (o) =5 )= (L)
qd -5
which would be absurd since %I is faithful. It follows that (29) holds and so
w X w qw Ty
= (V)= (7T )= (W )

which in turn implies that p is in B. Thus {g,h}.CA. This, with (18), establishes (2).

2] That ACA” follows from direct computation. Let g be in A . Since and b are in A, it follows
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that g is in {a,b} , which by (1) is just B. Hence A =oo. That B =7 can be shown analogously. Q.E.D.

(8.14) Theorem Let L be a meridian libra with meridian aggregate 7 . Let a and b be distinct
elements of L. Then

{a,b} has at least three elements, (1)

{a,b}" is balanced, 2)

(V{x,y}C{a,b} adoubleton) {ab} ={xy} (3)

and (V{c,d}c{a,b} adoubleton) {c,d} ={ab} . (4)

Proof. [Q>] Let 0, 1, 00, A, B, q and r be as in Lemma (8.13). Then both %Ia: (:) ?) and %Ib are in
A, and are distinct. It follows from (8.13.1) that

{ab} =B. (5)

We may and shall presume that -1£qr1. It follows that <] _0]) ,(] —r) and (—1q ?) are pairwise

0 q 1

distinct elements of B. This, with (5), establishes (1).
[g] Follows from (5) and direct computation.
[Q] Let x and y be distinct elements of {a,b} . Then

{a,b} by 813.1) {a,p}" =B by (8133) , by (8.13.2) (x,y}

which is (3).

[g] In (3) we now replace x and y by ¢ and d then replace a and b by x and y: this yields {¢,d} ={x,y}

Hence {c,d} ={a,b} , whichis (4). Q.E.D.

(8.15) Definition and Notation For distinct a and b in a meridian libra L we shall denote the
—
set {a,b} by a,b and refer to it as a line trace. We adopt the notation

Llinesg{aﬁg :{a,b}CL is a doubleton} . (1)

(8.16) Remark  For the libra L of (8.1), the concept of a line trace introduced in (8.15) agrees
with that already defined for L in (7.5).

(8.17) Theorem Let T be a meridian aggregate of a libra L and let K be an element of L''™¢$ . Then

K is in L'ines (1)

K =K, (2)

KNK =g, (3)

KUK is balanced (4)

and (V¥ {x,y} CK a doubleton) X,y =K. (5)
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Proof. [Qﬂ Let {a,b}CL be a doubleton such that {a,b} =K. By (8.13.1) and (8.13.3) there exist

distinct x and y in {a,b} such that {a,b} ={x,y} . Thus

ﬂ ={xy} ={ab} =K

which establishes (1).

[ﬁ>] That (2) holds follows from (6.1.5).

[g] If a were an element of KNK , there would be another element b of K and we could apply (8.13)

to obtain disjoint line traces A=K and B=K , which would be absurd.
(L] That (4) holds follows from (6.3).

[g] Let x and y be distinct elements of K. Then

by (8.13.4

K@ g ) (xy} =K Hz{x,y} _ K" by (8132) K,

which establishes (5). Q.E.D.

(8.18) Theorem Let L be a meridian libra with meridian aggregate 7 . Let a be an element of L
and B an element of 7 . Then

(Bna*)eLlines (1)

and acB—=(Bna®) CB. (2)

al @l
Proof. There are two cases to consider: either B =[02-0] for some 0€ M, or B =[0%cc] for distinct 0 and
oo in M. @
[Case I: B=[02-0] for some 0€ M] Choose 1 and oo in M distinct from each other and from 0, and let

F=M A {}. Since %Ia: (; (1)) , it follows that

0

{%‘X:xe(Bﬂa)}:{(; 1):1‘6F}. (3)

1 0
1 -1

(3 5803 )

Let {u,v}C(BNa’) satisgy u: (:) _O] ) and V: ( ) . For {w,x,y,z} CF we have

which implies that
@ (W X)\@ W X zZ-X X w X
lLp“’(y Z)’p“ﬂ:(y Z) < (BkelA{oh <Z+y—x—w X+W):k.(y Z)

which implies that
@&l 10
{uv} ={teL:(3reF) pt:(r ])}. (4)
It follows from (3) and (4) that ,v =B Na®. Furthermore, a is in B and, from (4),

&
(Bna®) ={uv} cloLo0]=B.
Thus (1) and (2) hold for case I.
&

[Case II: B = [0£-00] for 0 and M distinct] Choose 1 from M distinct from 0 and oo and let F=M A {cc} .
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Then

{Fexe®nant={({ ) rer). (5)

Let {u,v}C(BNa®) satisfy %Iu: ((1) (])) and %Iv: (8 _0] ) . For {w,x,y,z} CF we have

Bu(¥ 3)Bu=(V3) = @xeragon (5 7)=x(V7)
and

Po(¥ 7)PI=(V 7) == @rerafh (2 5)=x(77)
which implies that

{uv} ={teL:(3reF) %‘t:((‘) S)} (6)

It follows from (3) and (4) that i,v =B Na®. Furthermore a is not in B but is in(BNa*) . Thus (1) and (2)
hold for case II. Q.E.D.

(8.19) Remark Let L=L as in Sectiom (7). Then (8.18.1) means that the intersection of the plane
trace of a plane tangent to the quadric T with the plane trace of a plane not tangent to T is a line trace.

(8.20) Corollary Let L be a meridian libra with meridian aggregate 7 . Let K be an element of
L'imes and let A be an element of 7 . If KN A has at least two elements, then K C A.
Proof. Let a be in K and let {b, c}CKﬂA be a doubleton. From (8.18.1) follows that A Na® is in L'ines
and, from (8.17.5) follows that K= b.e ,c=Ana*. Q.E.D.

(8.21) Corollary Let L be a meridian libra with meridian aggregate 7 . Let A be an element of
T . Then A =yp.
Proof. Assume that a were in a®. It would follow that ANa®=A, and so (8.18.1) would imply that A is in
LYmes  From (8.12.3) would follow that ag A . Let b be in A. Then |a,b,A | would contain a and so would
not be A. From (6.3) would follow that A would be abelian. For {c,d} CA we would have

|d,|a,b,c],d| =||d,c,b],a,d|=]||b,c,d],a,d] =]|b,cd,d,a] =|b,c,a|=|ab,.c]

which would mean that d€|a,b,A| . This would imply that AC|a,b,A| . Since left translates are pairwise
disjoint, it would follow that A would have to be |a,b,A|, which would be absurd. Q.E.D.

(8.22) Theorem Let L be a meridian libra with meridian aggregate 7 . Let A and B be distinct
skew elements of 7 . Then

ANB isin L'ires (1)

and (AnB) = ([AIAB) N (BIAAD. (2)

Proof. Let a be in A. There exist co€ M and n€N such that A =[co2n]. We have p, (cc) =n and so

Pal00) = (pa~topa)(00) = (pa™!) (n) =00 == A =[ooLo0].
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There exists {0,1} CM such that B=[0£1]. Since A and b are skew, neither 0 nor 1 can be co. We have

(VxeANB)(Irel) %X:(g }) (3)
Let r and s in L satisfy

r 1 @l 11

pr:(o 1) and ps:(o 1)'
Simple calculations show that a necessary and sufficient condition for x€L to be in r*Ns® is for there to

exist ueF such that
[} Tu
=(15) (4)

Thus ©8 = {xeL:(3reF) P,= (g :)} and

>
I

(8) = {xeL:(@ueF) Fo=(] )} (5)

The first of these two equalities implies that 1,5 = ANB and is in L'"™€$ . The set of all x€ L satisfying (5)
is just
[} [E]
o= 1] nfoLo] = ([AIAB] N (BIALAD -

From this last and equation (5) follows that

(AnB) =([AIAB) N (BIAAD.
Q.E.D.

(8.23) Remarks  Let L=L as in (8.1) and let P and Q be two planes tangent to the quadric
T. Then the traces of P and Q are skew if the line PN Q of intersection is not tangent to T .

The plane P contains a line P; from the regulus T| and a line Py from the regulus [T . Similarly, the
plane Q contains a line Q; from the regulus T] and a line Qs from the regulus [T . The content of (8.22.2)
is that the line dual to PN Q relative to T is just the intersection of the plane containing the lines P; and
Qo with the plane containing the lines P5 and Q) .

(8.24) Corollary  Let L be a meridian libra with meridian aggregate 7 . Let A and B be skew
elements of 7 . Then

{xeL:B=|xAx|}=(ANB)". (1)
Proof. This follows from (5.18.1) and (8.22.2). Q.E.D.

(8.25) Theorem Let L be a meridian libra with meridian aggregate 7 . Let K be in L''™¢$ | Then
the four following statements are pairwise equaivalent:

(3AeT) KUK CA, (1)
(FAeT) KCA and K NA#y, (2)
(3!BeT) KcCB (3)
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and (3AeT) {EeT :KnE=o}={De([AlU[A]):D#A}. (4)

If these four statements hold, then

(VneK) Knn*=yg. (5)

Proof. [(1)==(2)] Trivial.

[(2)==(3)] Suppose that (2) holds and that a is in K NA. Then KC(a*NA) and so by Theorem
(8.18.1), K equals a®*NA. If |a,A,a] were not A, they obviously would form a skew pair and so Theo-
rem (8.22.1) would imply that K=AnN|a,A,a], which would imply that a€ (KNK ), which would violate
(8.17.3). It follows that A = |a,A,a] . Thus, if B were any element of 7 distinct from A for which BCK, then
B and A would be a-skew, and so Theorem (8.7.2) would imply that ANBNa® were a singleton, which would
be absurd. It follows that (3) holds.

[(3)==-(4) and (1)] Suppose that (3) holds. Let 0, 1, oo, q and r be as in Lemma (8.13). Since a
@l

is in B and %Ia is the identity mapping, there exists meM such that B=[mZ-m]. If m were in F, then

for {d,e} C M such that e?# qrd?, ( e rd

o e ) m) =m. This were absurd, so m must be co. It follows that
q=0%#r. That

(De(BIAB]):D#B}c{EeT :KNE=g}

follows from the fact that E3 and B:I are partitions of L. Let E€T be disjoint from K and assume that E
@
were neither E3 nor B] . Then there would exist {j,k} CF such that E=[j2k]. but
k-j
T (o) 1 k-j
j) = )=k KNE
ke j <O ;U == KnE#y

()a 1

which would be absurd. It follows that (4) holds. From Lemma (8.10) follows that the image by %I of anything
in K is of the form <g -dr

&
) and so it is evidently in [co Z=c0] =B. Thus (1) holds.
[(4)==(3)] Trivial.
[(1)==(5)] Suppose that (1) holds. Since E& and A] are partitions of L, it is trivial that

(De[Aln[A]:D#A}C{E€T :KNE=4}. (6)

Suppose that B T is neither a left nor a right translate of A. Let a be an element of K . Since aisin A, it
follows that A = |a,Ak,a| which implies that A and B are not a-skew. By (8.7.2) we know that a*NANB is
a singleton. But a®*N A =K, which implies that KN B is a singleton. Thus the set containment symbol in
(6) can be replaced by an equals symbol. Hence (5) holds. Q.E.D.

(8.26) Definition = We shall say that a line trace which satisfies (8.25.3) is accident. If a line
trace is a subset of more than one element of 7 , we shall say that it is incident. If a line trace is neither
accident nor incident, we shall say that it is excident.
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K

An Accident Line Trace K with K° Showing Rules of their Plane

(8.27) Theorem Let L be a meridian libra with meridian aggregate 7 . Let K be a line trace.
The following five statements are pairwise equivalent:

K is incident , (1)
#{AeT :KCcA}=2, (2)

(3{AB}CcT) K=ANB, (3)

K is incident (4)

and (3{AB}CT skew) K={xeL:|x,Ax|=B.} (5)

Proof. [(1) ==(2)] Suppose that (1) holds. Assume that there existed a tripleton {A,B,C} C T of which K
were a subset of each element. Then EA would be a partition of L of which no element but A were a superset of
K. Consequently neither B nor C could be in EA , whence would follow that EA could neither equal E3 nor
EC . Similarly, E3 could not be EC . Since [[||(7 ) is a meridian, it would follow from (1.2.1) that there would
exist exactly one element x of L such that <0 [EA ) = A], < (EB )= ]?3 and x& [EC ) = (ﬂ Evidently
any element of K could be taken for x in these three equalities and by (8.11.1), K would have at least three
distinct elements. This would be absurd, which establishes (2). That (2) implies (1) is trivial.
[(2)==(3)] Suppose that (2) holds and that A and B are the elements of 7 of which K is a subset. From
Theorem (8.18.1) follows that AN B is a line trace and so, by (8.11.4), it must be K. Thus (3) holds.

[(1) «==(4)] Suppose again that (1) holds and let {A,B} CT be a doubleton of which K is a subset of
each element. From Theorem (8.18) we know that

K" = ([l nB)n(BIAAD.
This implies that K is a subset of both EX N Pﬂ and E3 N A] and so (4) holds. Since K:K“, we also
have that (4) implies (1).
[(1)==(4)] Suppose that (1) holds and that A and B are the elements of T each of which K is a
subset. Assume that there existed C&7T such that KNC =g and K.CZC. Let a be in K. We saw above

that [a,A,a] =B and so the pair A and C would be a-skew. It follows from Theorem (8.7.2) that a*NANC
would be a singleton. But a®N A is a superset of K and so by (8.18.1) is precisely K. Thus the singleton
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a*N A NC would be a subset of K, which would be absurd. We have shown that

{CeT :KNC=g}c{DeT :K cD}. (6)

On the other hand, if D€ T and (K. UK)CD, then Theorem (8.25.2) would imply that K were accident. It
follows that the containment symbol in (6) may be replaced by the equality symbol. This establishes (5)
[(4) ==(5)] From Theorem (5.18.2) and Theorem (8.22.2) follows that, for any skew A and Bin T ,

{xeL: [xAx|=B}=(RIAB)n([BIAJA])=(AnB)".

Thus (5) is equivalent to the statement that K= (AﬂB). for some {AB}C7T . If K is incident, then
[ ] o0 [ ]
K =AnNB for some {A,B}CT by (3), which in turn implies that K=K =(ANB) . On the other hand,
[ ] o0 [ ]
if (5) holds, then K =(ANB) =ANB and so K is incident. Q.E.D.

An Incident Line Trace K with K~

(8.28) Discussion Let K be an incident line trace. Then K" is incident too and so there are precisely
two elements A and B of 7 which are supersets of K : in fact we have K =ANB. Let CEEA A Bj and
DEEB A A] Then C and D are the two elements of 7 which are supersets of K: K=CND. Thus the
incident line traces are the intersections of the skew pairs of T .

(8.29) Theorem Let 7 be a meridian aggregate of a properly linear libra L. For K a line trace,
the following are pairwise equivalent statements:

K is excident, (1)

K is excident , (2)

(VAeT) KNA#yp (3)

and (VAeT ) KnNA is a singleton. (4)
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Proof. [(1) «<=(2)] Suppose that (1) holds. From (8.25.1) follows that K" cannote be accident. From
(8.27.3) we know that K" cannot be incident. Thus (2) holds. That (2) implies (1) follows from interchanging
the roles of K and K" .

[(3)==(1)] Suppose that (3) holds. That K cannot be accident follows from (8.25.4). Than K cannot
be incident follows from (8.27.4). Thus (1) holds.
[(3)==(4)] Suppose that (1) holds. Let a and b be distinct points of K. Let 0 be any element of M

and let ooz%lb[o] . Then there exists {r,s,]} CF such that %Ib: (; (1)> . It follows that

° @ b q
K ={xeL: 3 {pa}F) Be=(_gopr p)}-
From this follows that

87 W-17

@& @&

Let A be any element of 7. Then there exists {m,n} C M such that A =[m-n]. Evidently a is in [m 2-n]
[}

K=K""={xeL:(3{wz}CF) %‘x:(w ? )}.

whenever m=n. If any other k€K were in [m£=n] for m=n, then all of K would be as well, and so K

would not be excident. Thus we may and shall presume that m#n. If m =oco, we set z=1 and w=l+rn to
[} [E]
obtain x€[mZn]. If n =00, we set w=1 and z=-m to obtain x&[m--n]. If neither m nor n is 0o, we set
1}
z=m-n and w=sm-rn-1 to obtain x€[m£n]. It follows that (4) holds.

[(4)==>(3)] Trivial. Q.E.D.

An Excident Line Trace K with K

. eorem et ¢ a meridian libra with meridian aggregate 7 . Let a be in L an e
8.30) Th Let L b idian lib ith idi T.L bein L and b b
in a*. Then

b Ma® is a line trace, (1)

(Vce (b’ Nna®)) c¢'n b Na’ is a singleton {d} and b= |c,a,d], (2)
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if a,b is incident, (3ce (b Na®))(Fde(c*Nb Na®)) a,¢ and c,d are incident and b= [c,a,d| (3)
and

if ﬁ)is excident, (3c€(b Na®))(3de(c*Nb Na®)) & is incident, Eg is excident and b=|[c,a,d|. (4)

Proof. Let 0 be a point in M not fixed by %Ib. Let ooz%lb 0) and choose 1€ M distinct from 0 and co. Then
here exists e€ M such that

[} 01
h=(c o) 5)
It follows that

{Pexe@ np)}={( 5, ) xvpcr). (6)

This implies that

b Na :gﬁ where %IC:(:) _0]) and (_Oe :))

which establishes (1). That (2) holds now follows from direct calculation.

—
If a,b is incident, then it is a subset of two elements A and B of 7 and so in particular {a,b} CANB:
there exists m and 1 in M distinct such that %Ib 1) =1and %Ib m) =m. Thus

@l 01 @l 1 0 0 1
pb:(] O)’ pC:(O _]) and pd:(_e O) .
— 2 s —
Evidently a,¢ C([020]N[cc2oc]) and so a,¢ is incident. In addition c,d C[12-1]N[-121], which
—
implies that c,d is incident. Thus (3) holds.

—
If a,b is excident, then it has no superset in 7 . In particular, the equation t :%Ib t :% has no solution

X
for t. From equation (2) we know that %IC is of the form ( _ey _yX) and %Id is of the form ( —I:es _Sr) . The
equation %Id t :%IC t) resolves into et? = - 1. Hence the line trace c,d is excident as well. If we choose ¢ to

[}
be such that B, = ( ! _O] ) , then evidently &,¢ C ([02-0] N[00 Z-0c]) and so a,¢ is incident. This establishes

(4). QED ’

(8.31) Theorem Let L be a meridian libra with meridian aggregate 7 . Let K be a line trace and
let a be an element of K. Then

KnNa®# g <= K is not accident. (1)

Proof. [==] This follows from (8.25.5).

[<=] Let beK be distinct from a and assume that K were not accident. If b were in a*, we would
be done, so we shall presume that b is not in a®. By Lemma (8.10) there would exist an a-representation
, a choice of basis, and {q,r} CF such that

K:{(qed rs>:{e7(1}CF} and %‘b:(”).

q 1

Evidently an element of K is in a° if and only if it is of the form (g g) . For this it is necessary and sufficient
that q# 01 . But one easily checks that
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@ @
q=0 == KC[ooL] and r=0=—= Kc[oL0]

both of which would be absurd, since we have assumed K not to be accident. Q.E.D.

(8.32) Remarks Let L be as in (8.1), let K be a line in E and let M be its dual line [ 7(x).
xeK

Then K is incident if K intersects T in two separate points. Theorem (8.27.4) states that, if this is true,
then M is also incident. Theorem (8.27.4) states that K is incident if and only if K is the intersection of two
planes tangent to T of which the intersection is not a line contained in T .

The line trace K is excident if K is disjoint from T. Theorem (8.29.2) states that, if this is true, then
M is also excident. It follows from (8.29.3) that K is excident if, and only if, K intersects each tangent plane
to T in a point not in T'.

The line trace K is accident if K is tangent to T at a single point. Since for incident K, M is also
incident, and for excident K, M is also excident, it follows logically that if K is accident, then M must also
be accident. Theorem (8.31) states that K is accident if, and only if, there exists a plane in E not tangent
to T of which the intersection with K is void.

(8.33) Theorem Let L be a meridian libra with meridian aggregate 7 . Let a and b be distinct
elements of L. Then

3?) is excident «<—>(3 {c,d}Ca’) &, is incident, EE is excident, and b= |c,a,d], (1)
N s Dt .
a,b is incident &==(3{c,d} Ca®) a,¢ and c,d are incident and b= [c,a,d| (2)
and ﬁa is accident —(3 {c,d} Ca®) &, is incident, ZE is excident and b= |c,a,d] . (3)

Proof. Suppose first that b is in a®. If aﬁg were accident, then Thereom (8.25.5) would imply that
be(a’n ﬁ)) =yg: an absurdity. Thus a(?; is either excident or incident, and so (2) and (3) follow from
Theorem (8.30.4) and (8.30.3).

For the remainder of this proof we shall presume that b is not in a®. Suppose that ;i)) is incident. Then
ajg is contained in two distince elements of 7, which means that a and b agre on two distinct elements of
M . This means that %’b has two fixed points, and so is a dilation. By (1.2.3) there exist {m,0} M agreeing
on two distinct points of M and such that 7 is a dilation and such that E;)Ib:ﬂ'OO'. Choose {c,d} Ca® such
that %IC =7 and %Id =o0. We have

a @ & a @ &l
[LPcha,PdJJ = pPcOPq=TO0 = py, — b= Lc,a,dj . (4)

Since %ICZTI' has two fixed points, it agrees with %Ia at two points — hence the line trace &,¢ is incident.
Since C and d agree on two distinct points, it follows that g,(_i is incident. This establishes (2).

Now suppose that a?) is excident. This means that a and b are in no common element of 7 : that %’b
leaves no point fixed, and thus is a pure rotation By (1.2.4) there exists {, O’}{M} agreeing on no point
of M, such that 7 is dilation and such that pb—ﬂ'OO' Choose {c,d}Ca such that pC—7r and pd—a As
before, it follows that (1) holds and that &,¢ is incident. This time however, ¢ d is excident since pC and pd
agree on no point of M. This establishes (1).

Finally, we suppose that Eﬂ}) is accident. This means that a and b are in a single element of T : that
%Ia and %Ib agree on a single point of M so that %Ib has exactly one fixed point and is thus a translation. By
(1.2.2) there exist {m,0} CM with a single common fixed point of M such that 7 and o are dilations and
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such that pbfwoa Choose {c,d} Ca such that pc =m and pd =o0. As before, it follows that (1) holds and
that &,¢ is incident. This time however, ¢ d is accident since pc and pd agree on a single point of M. This
establishes (3). Q.E.D.

(8.34) Corollary Let L be a meridian libra with meridian aggregate 7 . Let a be an element of
L. Then

L={|xyz]: {x,y,2} Ca’}. (1)

Proof. By Theorem (8.30) there exist {a,b,c} Ca® such that a=|d,b,c]. That (1) holds now follows from
Theorem (8.33). Q.E.D.

(8.35) Purpose The followin two theorems are for use in a later paper.

(8.36) Theorem Let L be a meridian libra with meridian aggregate 7 . Let A be an element of
T and K and V be lines in E such that (KUV)CA . Then either KNV # g or

@xe(Aln/A) K uv)cX. (1)

Proof. Let a be any element of K. Where p is defined as in (8.10.1), we let co=p EA and F=M A {oo} . We
have

paoozya,ufloo :yaEA =v(|A]

and so

oo 0] = (5= (o0 A~ (o0 ) = ] ] =

Let b be an element of K distinct from a and let ¢ be an element of V not in K. Then c#a and so there
exists some point 0€F such that 15%'0 #£0. Let sz%lb 0) and I‘Eb 1) -s. It follows that

& 10 [} T s
Rm(39) e B=(53),

If r=1, then %Ia and %Ib agree only at the one point co of M, which implies that K is accident. Direct
calculation shows that

{ab} ={xeL:(3teF) %‘x:<‘o1§>} and K=ab={xeL:(3ter) B <(‘)$>} 2)

If r#1, then ,0a and pb agree also at the point =7 and so K is incident with

0 1

K={xeL:(3teF) '%X<t+(1‘t)r ("t)s>}. (3)

g 1 .
Recalling that 1 :C 0) , we choose q€F such that C: <2 ] ) . Let d be an element of V distinct from ¢

and choose {u,v} CF such that %Id = (g ‘1/) . If g=u, arguing as above we find that V is parabolic and that

V=cd={xeL:(3teF) ,‘%‘X:(qt>}. (4)

01
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and so V is incident and

tq+(1-t)u t+(1—t)v)}. (5)

If q#u, then pc and pd agree also at
od = {xeL:(3teF) X:( ; :

We have four cases, which we shall examine in seriatim,

[Case I: ((2) and (4) hold]. In this case (1) holds where X=A
1-u
1 is in both K and V.

[Case II: ((2) and (5) hold]. The element y €L for which p,
0 1

[Case III: ((3) and (4) hold]. Setting tz%, we have <q :) = <t-|-(10—t)r (1—1t)s> and so this common
value is in both K and V.
[Case IV: ((3) and (5) hold]. We break this case into two subcases
[Subcase I: —1,—21’ 1]1] If C[V =) were equal to T=¢ e =1, then
%I S %I ) %I v-1 %I v-1
K=[oo=o0] N[5 =75 =[oo=00]N [m:q_—u] =V
which were absurd. Thus e # { where e= q and = pcl(‘i 111] We have
[E2} [ @&
K=[coZoo]N[eLe] and V=[ooLoo]N[eLA]
which implies
1} [} [} [}
[oo Z-f] N [e L0 ]

K = [oZeln[eLoc] and V=
which in turn implies (1 ) for X=leLt-0].
Letting e=i- erC11 ;1, we see that e # 0. We now define

[Subcase II: —7é =1 1

u-r
T——S+s-v t -1 _
ty = “TT and t; = 2(4 qll);ru -

and obtain
0 1

(1—t1)s> _ (t2q+(1—t2)u t2+(1—t2)v> _

0 1

(t1+(1-t1)r

Thus, in this subcase, K and V have a common element. Q.E.D

(8.37) Theorem Let L be a meridian libra with meridian aggregate 7 . Let a be an element of L
*. Then either KNV # g or
(1)

and let K and V be distinct line traces contained in a

@XeT) (K'uv)cx
Proof. The line trace K contaios a and so, by (8.10), there exists a choice {0,1,00} of basis for M and a
subset {q,r} of F=M A {oo} such that
{,@xEL}z{((fy __r}i])'x,yEF and x? # qry?} . (2)
Let ¢ be an lement of K~ distinct from a and choose {t,u,w,v} CF such that p, (:5/ V%) . Since V= {a,c}. ,

direct computation shows that, if t £ w, then
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uy+vx (t-w)x

Bexev)=(( ") Gader and (b (-w)y £0). 3)

(t-w)y -uy-vx

If (ug+vr)? #rq(w-t)?, then there exists d €L such that

g- (Mo 00,

a7 a(w-t) - (qr+vr)

Direct computation with (2) and (3) show that d is in KN'V. If (uq+vr)? =rq(w-t)?, we have the following
cases:t #w and t =w and, for the first of these two cases, three subcases: =0, r=0and qr#0.
[Case t #£w and q=0] Since (uq+vr)? =rq(w-t)?, we have v=0 as well. This implies that

2o
PclO0) =00,

01

(1) == (53) =R

@
whence follows that V' [0o Zoco]. If ¢ €L is such that C, = ( ! r) , then the fact that ¢ =0 implies that ¢’

is in K . From

@&l
follows that K C [oo 2=

[Case t#w and r=0] Since (uq+vr)2=rq(w-t)?, it follows that u=0. This implies that B.(0) =0,

].

@
whence follows that V' C [oofoo] If k€L is such that pk— ((11 ?) , then the fact that r =0 implies that k
is in K. Then, since

@

10 10
(q7)@=0=(57)=Pu
it follows that K c[0L=0].

[Case t # w and rq# 0] From (uq+vr)? =rq(w-t)? follows that

r_ uq-+vr 9
q— Tw-t
. @l or . &l
Let e€ L satisfy p,= (q 0) . Then equation p,(x) =x for x€F is the same as the equation x? . Thus it
has the solutions
uq—l—vr
x= q( w-t
In particular we have
1 agtvr 8 uq+v1
6[(—1( Wt ):q( 1
which, since a is there as well, implies that
ugq+vr, B . ug+vr

Vi) LG

On the other hand we have

t u\, 7 uq+vr _1 uq-+vr 7 ug+vr uq—|—vr waq+vr
(vw)ﬁ(w—t —q W—t)é i) W—t)+u (qwt) q w-t <
oI _whdhvr puatvr LI _uatvr ug
qa q w-t q w-t a a dq
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uq+vr, B o ug4vr
which last is obviously true. It follows that %IC is in[%( \(7\1/—t )21 d

q\ w-t
o g uqtvr B ugtvr
Vv C[q( w-t ):(_1( w-t )]
1

[Case t =w] Choose d in L such that %Id = (0

shows that d is in ¢*, and so, since it evidently is in a* as well, d is in V. Q.E.D.

)] . Since . is as well, we have

_01) . From (2) we know that d is in K. Direct calculation
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9. Product Libras

(9.1) Discussion, Definitions and Notation = We here return to that question raised in (8.9.5)

for the circular meridian libra, but which will be investigated here for general meridian libras.

Let L be a properly linear libra. The injection

Lox— [x,x]€LxL

of L into its symmetrization!” libra LxL is only an isomorphism if L is abelian. When L is non-abelian, the

subset {[x,x]):x€L} is not balanced, but one may consider the intersection of all balanced supersets which

are subsets of LxL. We shall denote that set by

LEL ={|[[x1,%1 ), - - [ Xop1,X01) | xe L and keN}.
Using the definition of [[,,], (1) may be simplified to

LEL ={([X1- - - X211 [ X2ke15- - - %1 ] ) -xeL®* and keN}.

Reversing the order of the elements of the sequence in (2), one sees that

LKL = {[x,y):[y,x)€LXL}.

Related to LKL is the subgroup of L"! generated by {,my:xeL}:!8

L@OL={, my,0. .. 0, 7, :xELZ and keN} .

Xok-1" X2k-1

Expanding (4), one obtains

21
L®LE{LX1’- ot T onerse - -3y XELT and keN}.

(9.2) Theorem For any libra L, LKL is a normal balanced subset of LxL.
Proof. For {mn,l}CL

[Nm,n],(11], LKL =
() (L1, (%05 )+ s (XopessXorn )] : x€ L2 and keN} =
(I, xy,e - - o)y [Xoreas. - - x,hm] ] : x€ L2 and keN} =
{{|m,,xg,l,mm,],... mxq. ,Lmml], [Lnnlxe. ,ln,. .. Innlx; 1) .xeL®! and keN} =
(U myom),. .., [myexs,m)ml], Lo, nyaen),. ... [nyn) |- ye L and keN} =
Uz - - 2o, L Zogerse - - 21] ) :2€ L2 and ke N} =
(%1% )y - o [XorersXonn )y (myn ), (L1 - xe L2 and ke N} =

ILRL,(mn), 117 .

17 The symmetrization is defined in (4.11.3).
18 Asin (6.1.4), for {a,b} CL, o1, |L3x < |axb|€L.
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We have shown that every left coset of LKL is a right coset of LKL . Q.E.D.

(9.3) Theorem If LXL =LxL, then

(V{xy}cL)@¢elal) olx)=y. (1)

Proof. Let m and n be in L. By hypothesis and (9.1.2) there exist k€N and xeL¥* such that

(mn] =[[xq,. .. Xow1],[Xorc1se -+ X1 )
Consequently
X0+« Xaet | T [Xaiere - »oxq ) (U= [X150 5 Xoke 1 [ Kok 150 - - X1 ] Xigye - X ] =
[ X150+ Xk 1X1se -« sX0ke 15Xk 1se - - X1 | = [ X1y -+ »Xop1 ] =M.

From (9.1.5) follows that isin LeL. Q.E.D.

[x10- + -+ Xopeer | T [ Xoperrs « Xy |

(9.4) Lemma Let L be a meridian libra and let {s,x,y} CL be such that

sTsly) =X (1)
Then there exists {r,t} CL such that
M) (s,s], 8] = [xy) . ()
Proof. By (8.33) there exists
{tr}Cs® (3)
such that
ltsr]=y. (4)
Then
x> @ [s,y,8] by (4) [s,[t,8,r],8] = [8,r,8,t,8] by (3) |s,s,r,8,r] = [r,8,t] .
Consequently
{XaYJ = [ |_I'7S7tJ7|_t,S,I'J J = I_”I‘,I‘J,[S,S],[t,t}” .
Q.E.D.

(9.5) Theorem Let L be a meridian libra. Then

LNL=LxL «— (V{x,y}€L)(3¢cLal) ¢(x) =y. (1)

Proof. In view of (9.3) we need only show that LXL =LxL if the right-hand side of (1) holds. We shall
presume then that the right-hand side of (1) holds and that {m,n} CL — and then proceed to show that
(m,n) is in LXL. Towards this end we select ¢ as in (9.3.1) and then apply (9.1.4) to obtain k€N and
xELM such that

n My O...0 T m/ —— m

= e e n
X17xy X2k-1" X2k-1

= o Txp1 O+ -+ O, Tx, . (2)
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We define y,=n, and for each i€2k-1, we shall abbreviate ,m o...0 ~m (m) toy;. From Lemma (9.4)
follows that
(Vie2k-1) [y;,yi1) €LKL. (3)
It follows from (9.1.5) that
(Vie2k-1) [yieyi) €LXL. (4)
Since LKL is balance, it follows that
Lr[}’o,}ﬁ]7[}’27}’1Ja[}’2a}’3J yee a[YQk-2aY2k-3Ja[YQk-Q»YQk-l]]J

is in LXL . Furthermore

by (9.1.
\_rD’o,Yﬂ»[Y27Y1M}’2a}’3]a~ .- 7[Y2k-ZvYZk—3J7[YZk-2aYQk-1ﬂJ &

(yo:ya:ye - - Va2 yakals (V1Y 1,535 - - V2KV ok3:Y2k1) ) = [Yo,Var1) = [m,n]

and so [n,m] is in LKL. From (9.1.5) follows that [m,n] is in LKL . Q.E.D.

(9.6) Theorem Let L be as in Section (7) and let U and V be the two connected components, or
halves, of L, as in (7.3). Let a be an element of .. Then

(Vx€L) .ma(x) €U «—=x€U and ,m,(x)€V «—=x€V. (1)

Proof. Without loss of generality we may presume that a is in U. Suppose that x is in U. If x=a, then
aTa (x) =x and so (1) holds trivially. Suppose then that a#x. Let S be be closed line segment which lies in
U with endpoints x and a. Since ,7, is continuous, 37 (S) is a closed line segment. Since a=,m,(a) is in
27Ta(S), and since a is in U, it follows that 57, (S) C U and so, in particular, (1) holds.

We have effectively shown that 7, (U) =U. Since .7, is an involution, it follows that 37 (V) =V as
well. Q.E.D.

(9.7) Example: the Circle or Line Meridian = We consider the meridian libra of Section (7),
which is isomorphic with the libra of homographies of the circle meridian (and the line meridian).
Recall that the toroid T separates its complement L in E into two connected components or halves. Let
m be in one half and n be in another. If LKL were the same as LxL, then it would follow from Theorem (9.3)
that there would be some ¢ €L®L such that ¢(m) =n. But ¢ being a composition of elements ,7,, each
of which by Theorem (9.6) would send m to the same half in which it resides, ¢ could not send m to n. It
follows that, for the meridian libra of the circular meridian

LxL # LKL. (1)
We shall see infra that the balanced set LKL has exactly one coset in LxL.

(9.8) Example: the Sphere Meridian Let S be a sphere in euclidian space E as in (1.11). Let
L be the libra of holomorphies of S. Let Let m and n be distinct elements of L. Then in,n is either incident
or accident, there being no excident lines in this example.
Suppose that i is incident. Then there are two elements 0 and oo of M which are fixed by all
members of m,1i . Letting 1in M be distinct from 0 and oo, we have a basis for a field F. Let r=m (1) and
s=n(1). Then
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m:(? g) and n:(? 2)

Let weF be such that w2 =r1s. Then
(3 8)a (S o=(9)(00)(0)=(2%) - (5 -m. g

Suppose now that in,i is accident. There there is exactly one element co fixed by all elements of m,1i . This
time we shall let 0 be any element of M distinct from oo, let 1I=m/(0) and let s=n(0) . Then

11 1s
m—(()]) and n—(()]).
]1;5
For a= 2 ],
0 1

La,n,ajz(;‘?jo(;§)0<;%):(;}):m. @)

From (1) and (2) follows that |a,n,a] =m. Theorem (9.5) now implies that

LKL =LxL. (3)

(9.9) Notation and Definitions Let 7 be a cartesian aggregate of a libra L, and let p be any
representation of L equivalent to the left 7-inner representation. For be p| and a€[p we shall write

Ebz{[x,b}:xez} and Ea‘z{{a,y]:yeﬂ} (1)

and say that Eb is a left cross section and that pJ N is a right cross section.

A permutation of [pxp] which sends left cross sections to right cross sections and which on each left
cross section is equal to some p, on that cross section, will be said to be left p-contrajective. A permutation
of p|x[p which sends right cross sections to left cross sections and which on each right cross section is equal
to some p, on that cross section, will be said to be right p-contrajective. A permutation which is both
left and right p-contrajective is said to be p-contrajective.

A permutation of [pxp] which sends left cross sections to left cross sections, and is such that for each
left cross section, there exists {u,v} CL it equals p,~‘op, on that cross section, will be said to be left p-
cojective. A permutation of [p x p] which sends right cross sections to right cross sections, and is such that

1

for each right cross section, there exists {u,v} CL it equals p,op,~* on that cross section, will be said to be

right p-cojective. Permutations which are both left and right p-cojective will be said to be p-cojective.

(9.10) Theorem Let T be a cartesian aggregate of a libra L, and let p be any representation of
L equivalent to the left 7 -inner representation. Let ¢ be a p-contrajective permutation of [p*p]. Then

(3{rs}cl) Ps=0. (1)

Proof. Define f|E<—>E and g|E<—>E by

80



(Vxe@) ¢ (@) =Fgy wd (R SR I=T,., - (2)

Define 0| [px 5] — [px 7] by

(Y EEXE) 01y )=Eg Ny (3)
For [x,y]€[pxp]
By} =2 (@)% (B, 2220 {o((xy]). (4)

For be[p , our hypothesis provides {r,s} CL such that ¢ equals ﬁ[r’s] on Eb: to wit

by (2), (3) and (4) N

(VXE E) o [XabJ :?[r,s] [Xbe :[Ps b Pr(X ]

{lps(b) o)} =B N ={lg(b),f(x)]} ==

g(b
(ps(b),pe(x) ] =[g(b).f(x)]. (5)
A priori the heritage of s and r depended on be p], but it follows from (5) that p,(x) does not. Since p is

faithful, it follows that r does not. By an argument symmetric and analagous to the preceding, we see that
s is completly determined as well. Thus (1) holds. Q.E.D.

(9.11) Corollary Let T be a cartesian aggregate of a libra L , and let p be any representation of
L equivalent to the left 7 -inner representation. Let v be any p-cojective mapping. Then

(El {r,s,u,v} CL) ﬁ{r,sjoﬁm,vj =7- (1)

Proof. Let {u,v} CL and define ¢=~o (‘ﬁlu’vj)_l . Then ¢ is p-controvariant and so Theorem (9.6) implies
that there exists {r,s} CL such that (9.10.1) holds. It follows that (1) holds. Q.E.D.

(9.12) Lemma Let 7 be a meridian aggregate of a libra L , and let p be any representation of L
equivalent to the left T-inner representation. Let ¢ be in M, where M is as in (8.10). Then

(VaeL)(3zea) d):pailopZ' (1)

Proof. Let a be an element of L. By the definition of the meridian structure on M, we have
G={pa'op,:7€L}.

Thus ¢ = p, 'op, for some z€L. Since ¢ is an involution,

patop,=(patop) Tt =p,  op == = pacps opa.

Q.E.D.

(9.13) Theorem Let 7 be a meridian aggregate of a properly linear libra L | and let p be any
representation of L equivalent to the left 7 -inner representation. Let v be a p-cojective mapping and let a
be an element of L. then
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19

(EI {b,c,d,e} CL) a= Lbaavbj = chach = LdvaadJ = Leaavej and ?La,ajOz}uc,a,cj{d,a,bﬂ =7 (1)

Proof. By (9.11) there exists {r,s,u,v} CL such that

V=" 15/ B |uv - (2)

The mapping ps lop, is in G and so by (1.3), p,"lop, is either the identity function, an involution,
or a composition of involutions. In the first case we set e=a and c=a. In the second case we set e=a

and c=|a,s,u]. In the third case we apply Lemma (9.12) to obtain {c,e} Ca® such that p,=p, 'op, and

Pu=pa_‘op.. For each of these cases ps=p, ' op,, which implies

ps_l Opu= pa_l Opeopa_l OPc= pa_l OpPle,ac| -
Reasoning similarly, we can find {b,d} CL such that
a=|ba,b|=[d,a,d| and propvi1 :Paopld,a,bjil
For any [x,y]€[p x|
“ “« -1 -1
Pla,a)®P|le,a.cl,|d,a,b] [Xny} = [pa OPle,a,c| X)3PaCP|d,a,d] y ]=

[ps_lopu X)s5 PrOPy LY _11 :?[r,sjo(ﬁLu,vJ [vaJ

which with (2) implies (1). Q.E.D.

(9.14) Corollary  Let 7 be a meridian aggregate of a properly linear libra L, and let p be any
representation of L equivalent to the left T -inner representation. Let 1) be a p-cojective mapping and let a
be an element of L. Then

(3{b,c,die}CL) a=|bab]=|[cac|=|dad] =leae] and B |qab eac) P aa =1 (1)

Proof. Let »=~"! in Theorem (9.13) and observe that

Ryrd e . . Ryrd <

P (ldab),leac) P aa 18 the inverse of 0, 4100 (e ac),(d,ab]] -
Q.ED.

(9.15) Corollary Let L be any meridian libra with meridian aggregate 7 . Let a be any element
of L. Then'®

Group (7 ) ={|w,a@a,v]: {u,v} CL}. (1)
Proof. By definition,

Group (7 ) ={(t@m)o(n®@w): {t,m,n,w} CL}. (2)

In view of (9.14) there exists {u,v} CL such that (t@m)o(n@w) = (u@v)o(a®a). From (2) follows
Group (T ) = {(udOv)o(a@a) : {u,v} L} 2ET2D 11y a@au]: {uv}CL}.
Q.E.D.

of. (5.7).
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(9.16) Example: The Toroid Let T be a toroid as in Section (7). The set T is a disjoint union
of lines or rules in two ways. These two pairwise disjoint families of rules are called reguli, which we denote
[T and T]. They endow T with a sort of geometry in the sense of Klein’s Erlanger Programm. One can
consider the group & of all permutations ¢ of T which send rules to rules and such that restricted to any
rule, are meridian isomorphisms. Since the rules in each regulus are pairwise disjoint, and rules in different
reguli intersect in a single point, such a permutation ¢ must sent all the rules in one regulus [T either onto
all the rules of [T , or onto all the rules of T]: in the first case we shall say the permutation of T is cojective
and, in the second case, contrajective.

The functions x~ , for x€LL, which permute T by drawing lines through x which intersect T, and
interchanging the two elements of T on such lines, are clearly examples of contrajective permutations of
T. This begs the question: what exactly are the elements of &7 We are in a position to answer that
question:

It follows from (9.6) that

the contrajective permutations of T are precisely the mappings d, 1) for {a,b,c} CL (1)

as defined in (7.9.3). It follows from (9.9) that

the cojective permutations of T are precisely the mappings 5[a7b]oc® for {a,b,c}CL. (2)

Fig. 19: General Cojective Permutation ¢ of T at a point x of T

The identity mapping on T is clearly cojective. The group & thus has a subgroup consisting of the
covariant permutations of T, and this subgroup has only one coset: the family of contravariant mappings.
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D Prologue
O Prologue
QIS Prologue
o Prologue
YR Prologue
S 1.3.6
C
agb 1.4.3
C
aeb
d I 1.5
(23)
cd) oo 1.6.2
oE) .. 1.11.1, 7.2.1
L) oo 1.11.1
oP) 1.9
yLMx) 1.11.4
S 1.11.5
B 2.3
label 2.8.1
Leghl 4.1.1
Maz)byllexIl 4.11.3
lam®@nb| 5.7.2
la, Abl 8.2.1
XY 2.5
B 3.1.2
Bl 3.1.2
........................ 3.1.2
Pl 4.4.1
e 4.4.1
M) 5.1
=T) 5.1
RAS ..o 5.14.1
XAX 5.19.1
Na\ oo 5.17.5
&y 4.4.4
a@b 5.3.1
a@db ... 5.3.1
2 5.5.1
A 55.1

10. Notation

()

A 6.1.1
A% 6.1.2
A% 6.1.3
a® a®,a% 616
AN 6.2.2
at 6.2.2
XSV 6.1.7
—

ab 6.1.15
A 7.2.4
A 72.7
A 7.5.1
E....... 1.11,7.2
E 2.2,7.2.3
B 1.11.2
EYines . 7.2.5
0 7.2.11
A 7.8.1
Opey) (8) L 7.9.3
Eplanes .. 7.2.6
F oo 8.10
G 1.2
Gvoup(T) . 5.7.4
GallNCT)) . ....85.1
GUIET ) o 7.8.2
G 8.10
B 1.8.3
N 5.8.2
SibealT ) oo 5.7.4
Lymes 8.15.1
LEL ..o 9.1.1
LeL ... .............. 9.1.4
P 1.9
P 1.9.1
Pe 1.9.2
@

D 8.10.2
@y 8.14.1
Py 8.14.1

Poles(o) ... .. . . 7210
Quadric(KM,N) 741

Do 4.11.2
B 4.11.4

84



Abelian family of equilibra........ .. ... .o i i 2.5
Abelian libra operator ... ........o.uieiie i e 2.5
Accident line trace............c.iiiiiiiii i 7.5, 8.26
Affine subset of real projective space............. oo anL. 7.2
AGEIegate .. ..o e 3.3
Automorphism of projective space ............... ool 7.2
Balanced subset of a libra...... ... ... i 3.1
Canopy Libra . ... 6.6
Cartesian aggregate. . ... .ouuu vt 5.11
Cartesian representation ............ ..o i i 5.8
Characteristicof a field ......... ... i i i 1.6
Characteristic of meridian ......... ... .. ... o0 ool 1.6
Characteristic representation of a meridian libra.................... 8.10
Choice of basis for a meridian.............. ... i .. 8.10
Circle meridian .. ... e 1.9
Circular meridian. ...t e 1.6
COJECHIVE . ettt e 9.5, 9.11
Column of an aggregate. ..ot i 5.1
Complete quadrilateral .............. ..ot i 1.10
Conjugate of an automorphism of projective space................... 7.2
Contrajective . . ... e 9.5, 9.11
Cross ratio of a meridian........... ... ..o i i 1.8
CTOSS SECTION .« v vttt e e e 9.5
Diagonal of a cartesian aggregate ............ ... ..o 5.17
Dalation . ..o e 1.3
Dimension of a cartesian aggregate............... ... ... .l 5.17
Doubleton . ... e Prologue
Equilibrium family......... ... 2.2
Equivalent representations........... ..ol i 4.11
Excident line trace......... ... 7.5, 8.26
Exclusive set function of a graph........ ... ... ..ol 6.1
Faithful Representation........... ... .o i i i 4.4
Field of a meridian .......... ..o i 1.6
Function libra from one set to another ........... ... ... ... . ..., 4.1
Halves relative to a toroidal quadric surface...... ................... 7.4
Harmonic pairs . ... e 1.4
Homogeneous aggregate of balanced sets......... .... ... ... .. ... 3.3
Homogeneous representation.............cooviiiit viiiiiines it 4.4
Homography . ..o e 1.2
Incidence relation............ ... e 6.1
Incident line trace ......... ... i 7.5, 8.26
Induced libra operator.......... ... e 4.8
Inside of an elliptic hyperboloid............. ... ... oL 7.2
Inside of a spheroidal quadric.......... ... i 7.3
Inner involution of a libra...... ... ..o i i 2.6
Left contrajective...... ..o e e 9.5
Left cojective. .. ..o e e 9.5
Left cross section ...... ..o 9.5
Left inner representation.......... ... ..o i 5.8

85



Left multiplier of a libra ...... ... .. o i 4.3

Left translate of a balanced set.......... ... .. .o il 3.1
Libra associated with a family if equilibria .............. ... ... ..., 2.4
Libra associated with a libra trinary operator ....................... 2.4
Libra group operator. .. ....... ..ot 2.5
Libra homomorphism ........ ... o e e 4.2
Libra iSomorphiSm . ... ... e e 4.2
Libra operator associated with a family of equilibria........ ......... 2.3
Libra operator induced by a representation................. ......... 4.8
Libra trinary operator ..........c. .. e e 2.4
Libra twining relation......... .. oo 6.2
Line at infinity. ... 1.9, 1.11, 7.2
Line dual relative to a sphere .......... ... i i i 1.11
Line in B ..o e 1.9
Line in P ..o 1.9
Line in real projective 3-space........ ..ot vt 7.2
Line meridian. ... 1.10
Line trace .. ..o 7.5, 8.15
Linear translation of a balanced set ................. ... ... ......... 3.1
Load on scales .. ..o 2.2
Meridian. . ... 1.2
Meridian aggregate . ... ..ot e e 8.5
Meridian automorphism............ ..o i i 1.7
Meridian family of involutions...............oiiiiiiiiiiin reinn.. 1.2
Meridian field. ... ..o 1.6
Meridian group of permutations............... .. ... i 1.2
Meridian isomorphism ......... ... i 1.7
Meridian libra . ... 8.8
Meridian quinary operator ...........c..ueieeeiiiiiiiie i e 1.5
Normal balanced Set ....... ... 3.4
Normal line and plane ........ ... ... i 7.6
Normal simplex. ... ... 7.6
Normal representation .......... ... ..o i i 4.6
Obverse of a libra trinary operator...............ccoovivin oo, 2.8
Obverse of a representation .......... ... viiieiiiein e cennnn.. 4.11
Outside of a spheroidal quadric surface..................... ......... 7.3
Plane at infinity ... 1.11, 7.2
Plane in E ..o 1.11
Plane in real projective 3-space...........cooueiiiiiiiiiiiin iienn.. 7.2
Plane trace ... ..o 7.5
Point aggregate. ... ... . 3.3
Polar mapping . ... ... 7.2
Pole . 7.2
Projective subset ... ... 7.2
Properly linear libra ..........o i 6.2
Properly linear incidence relation............ ... ... oL 6.1
Pure rotation ............ e 1.3
Quadric SUrface . .. ..o 7.2
Qualitatively equivalent ......... .. ... i 7.2
Real projective 3-Space...... ..ot 7.2
Regulus. . ..o 7.4
Representation founded on a characteristic representation... ........ 8.10

86



Representation of a libra.......... ... o 4.4

Representation libra operator ........... ... i 4.8
Riemann sphere ... ... 1.11
Right contrajective ... ...t i 9.5
Right cojective ... ..o 9.5
Right cross section......... ... 9.5
Right multiplier of a libra......... ... i i 4.3
Right translate of a balanced set................ ... . .. 3.1
Rotation. ... ... 1.3
Row of an Aggregate. ... ..ot 5.1
Rule of aregulus....... ... i 7.4
Sides of a complete quadrilateral .......... ... .. ... . oL 1.10
Skew relative to a diagonal.......... ... ..o 5.17
Skew relative to a point and a diagonal............... .. ... .. ... 5.17
Skew translation of a balanced set............... ... .. ... ... ... 3.1
Span relative toa graph .......... ... 6.1
Sphere meridian ... 1.11
Spherical meridian . ... ... 1.6
Spheroidal polar MappPing . .......ouuie it 7.3
Spheroidal quadric surface ........... ... .. 7.2
Symmetrization of a libra........ .. ... . 4.11
Symmetrization of a libra operator................ ... .o 4.11
Symmetrization of a representation............. ... ... oo 4.11
Toroidal polar MAPPING . . ... vttt e 7.4
Toroidal quadric surface ........ ..o i 7.2
Trace relative to a quadric surface.............. ..., 7.5
Translate of a balanced set........... ... ... i 3.1
Translation homography ......... ... i 1.3
Tripleton . . oo Prologue
WL L 1.8

87



12. Acknowledgement

This work, in part, was prosecuted at the Division of Information Sciences at Academia Sinica in Taipei,
Taiwan. The author wishes to thank that institution for providing facilities and specifically Professors Hsu
Tsan-Sheng and Kao Ming-Tat for their help, friendship and hospitality.

88



13. Bibliography

HEWITT, EDWIN AND KARL STROMBERG: Real and Abstract Analysis. Springer Verlag 1969.

MCKENNON, KELLY: The Projective Line as a Meridian. Technical Report TR-IIS-17-002, Institute of
Information Science, Academia Sinica, Taiwan, May 2017.

SEIDENBERG,ABRAHAM: Lectures in Projective Geometry. Princeton: D. Van Nostrand Company, Inc.
1962

TITS, JACQUES: Généralisation des groupes projectifs basés sur la notion de transitivité. Mem. Acad.
Roy. Beg. 27 (1952), 115 p.

VEBLEN, OSWALD AND JOHN WESLEY YOUNG: Projective Geometry, Vol. 1. Boston: Ginn and
Company, 1910.

VON STAUDT, KARL: Geometrie der Lage. Niirnberg: Verlag der Friedr. Korn’schen Buchhandlung, 1847.

89



