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Normal Forms

e A wffis in Conjunctive Normal Form (CNF) if it is a
conjunction of disjunctions:
BAAAAAA...AA
B where each clause, Ai, is of the form:
BB vB,vB,v...vB,
B The B’s are literals.

e Eg:AABVC)A(CAvBv-CvD)
e Similarly, a wff is in Disjunctive Normal Form
(DNF) if it is a disjunction of conjunctions.

e Eg:AVBAC)V(TAABACAD)

Bl tt ZHE  “Product of Sums” v.s. “Sum of Products”

3



HAW E =

Converting to CNF

e Any wff can be converted to CNF by using the
following equivalences:

(1) A—B=(A—>B)A (B — A)
(2) A —-B="7AVRB

(3) (A AB) ="7A v B

(4) (A v B) =-7A A "B

(5) A=A

(6) Av (BACO =@AVB)A((LAVO

e Importantly, this can be converted into an algorithm — this
will be useful when when we come to automating
resolution.
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Clauses

e Having converted a wff to CNF, it is usual to write
it as a set of clauses.
o £.0.:
(A—-B)—C
e In CNF is:
(AVC)A ("B V C) 1 il CNF

TP %‘%%lﬁu HiH 1AV clause (rule)
e In clause form, we write: I ,H[ﬁjdauses r@,ﬁfpi A

{(A, C), ("B, C)} Il Chr FIre| A (g

— [ CNF ' I'| iy 2% clauses

11 _‘_H"

A= 977 [hL AND
d) ?““iOR

T
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The Resolution Rule

e The resolution rule is written as follows:

AV B ~ BV C IR i Clause form
A v C [P kL flitkt(Resolution)

e This tells us that if we have two clauses
that have a literal and its negation, we can
combine them by removing that literal.

e E.g.: if we have {(A, C), (A, D)}
e We would apply resolution to get {C, D}
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Resolution Refutation

A->B ANB >C
Let us resolve: {(7A, B), (7A, B, C), A, ~C}
e We begin by resolving the first clause with the second clause,

thus eliminating B and —B:
(<A, C), A, = C} TﬁzFﬁ+(Resqut|on) VIRASE PR
(€. ~C) S U Gl L N
e Now we can resolve both remaining literals, which gives falsum:
L
e If we reach falsum, we have proved that our initial set of clauses
were inconsistent. .... Think about {c, =C} ?

e This is written:
{(-A, B), (mA, "B, O, A, °c} F L [ ﬁ*'“?l A
{P P} EL
Ture - False
{(-True V False)} F L

7

(1) Gl ;J‘i[%{_é&iﬁiﬂ v clause form
(2) HEE C Ryl (2C 1Ay
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Proof by Refutation

e If we want to prove that a logical argument is
valid, we negate its conclusion, convert it to
clause form, and then try to derive falsum
using resolution.

e If we derive falsum, then our clauses were
iInconsistent, meaning the original argument
was valid, since we negated its conclusion.

gt (CEXP) By (EXP > false) ﬁﬁ fHe EXP = True
(EXP > false) ARB | L 7] {(-EXP V false ) * RB} [ L
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Proof by Refutation - Example

e Our argumentis: I
i A - B) — Et’?f)'g”éjﬁijtfjgujﬁ—&# @%ﬁ:ﬂ F‘yjfér’??\[

-.C i 23 ] s E T v el 1 e S S

e Negate the conclusion and convert to clauses:
{(—=A, B, ©), A, "B, C}
e Now resolve:
{(B, C), "B, °C}
{C, ~C}
L

e \We have reached falsum, so our original argument
was valid. 9
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- State = “Rule base” formation
O Utl I n e Problem Solving ' '

Action = “by which rule”

State A —action-> state V\

Data-Driven (forward-chaining) Goal-Driven (back-chaining)
/ INFERENCE REASONING \
Brute-Force Search (exhaustive Search) e.g. Maze, Thm. proof

[

Blind Search (Generate & Test) Heuristic Search (Informed Method)

_— \ /N

DFS | | BFS | | Iterative Deepening Search Hill Climbing Best-first S. A* family

- 3\
. A* Alg.

__________________________________

British Museum Procedure

o . Uniform Cost Search
I___(|_q§_n_t|_fy_|r_19_’Er_lg_c_)pju_rp_a_l_[_)_a:ct\_)__: (Branch and Bound, Dijkstra)

! Maybe not | Beam Search Greedy Search
: complete ! . (selecting the best branches) |

1
1
1
1
1
1
1
1
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Refutation Proofs in Tree Form

P, P>Q Should Q be true?

P->Q True->P Q->False “PVQ P Q

/ e
True>Q ; Q /

True->False 1
S, P, "R, (S*"P->Q V R) Should Q be true?
S*P 2> (QVR) True->$S TPV SVQVR S
P> QVR True->P "PVQVR P

True>QVR True-> 7R

—————————————————

_________________

11
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Example1: Refutation Proofs

e It is often sensible to represent a refutation proof in

tree form:
A>B B>C C>D D>(EVF) A F?
ZEE[ I[j\\‘:F% F );i;,j» 1 () (— &, B (—B, C) (— O -0, E, F) A =5
Q‘LE\ . nkd PE’ \/
wE i R
‘Q‘PT‘ 4‘:-!_ _IE ‘_j 1:‘,\:: i— A, C)
. (— A,
e In this case, the
proof has failed, as we A E, P
are left with E instead of falsum.
iE.Fi
(1) (F TP BT E IS POSEIEAEEIAEE, . inference
(2) ZeR L RS o {5 E

o NS i s ... reasonin
HNGAS Hug\l;[&ﬂﬁ’?ﬁ—ﬁzl%l*? } ;
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Example2: Graph Coloring

e Resolution refutation can be used to
determine if a solution exists for a
particular combinatorial problem.

e For example, for graph coloring, we
represent the assignment of colors to the

nodes and the constraints regarding edges
as propositions, and attempt to prove that
the complete set of clauses is consistent.

e This does not tell us how to color the
graph, simply that it is possible.

13
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Example: Graph Coloring (2)

e Available colors are r (red), g (green) and b (blue).
e A_means that node A has been coloured red.
e Each node must have exactly one color:
A,V A,V A
—ALV —-Ag (= A — —IAg)
—A, V —A
A,V -A,
° If (A,B) is an edge, then:
-A_ VvV -B_
-A, V -B,
—-Ag \Y, —-Bg
e Now we construct the complete set of clauses for our graph, and
try to see if they are consistent, using resolution.

14
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Normal Forms in Predicate Calculus

e A FOPC expression can be put in prenex normal form
by converting it to CNF, with the quantifiers moved to

the front. Bl ED g g
e For example, the wff: LT g Sl = Ry
(vx) (A(x) — B(x)) — @Qy)(A(y) A B(y))

e Converts to prenex normal form as:

(@) @Ay) ((AX) v A(Y)) A (-B(x) v A(Y)) A
(A(x) v B(y)) A (=B(x) v B(y))))

F lﬁﬁzﬂtzﬁjé Predicate Calculus |1
RAEJ TN (VX), (3X) o b fl T =

15
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Unification (1)

e [0 resolve clauses we often need to make
substitutions. For example:

{(P(W,X)), ("P(a,b))} e.dg. j:‘bs‘}?@ﬁ[;ﬁl;@ﬁ@w
e To resolve, we need to substitute a for w, and
b for x, giving:

{(P(a,b)), (7P(a,b))}

e Now these resolve to give falsum. (7 = > 2 )

B (VX)L TSRS > PR R
| idglx %17 Resolution S 1 (1% {4451 o

16
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Unification (2)

e A substitution that enables us to resolve a set of
clauses is called a unifier.

e \We write the unifier we used above as:
{a/w, b/x}
e A unifier (u) is a most general unifier (mgu) if any
other unifier can be formed by the composition of u
with some other unifier. (3! EJ[J@HH\%Egﬂﬂ | 15 fpfjiﬁ,'&)

e An algorithm can be generated which obtains a most
general unifier for any set of clauses.

17
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Skolemization | #Ep* @x) ... S PR EE 2

e Before resolution can be applied, 3 must be removed,
using skolemization.

e Variables that are existentially quantified are replaced
by a constant:

A(x) P(x) e.g.3(y) GoodMan(y)
e s converted to:
P(c) e.g. GoodMan(c)
e c must not already exist in the expression.

TR A RIERET - BERIEREGE {3(x) kill(x, Caesar), V(y,z) kill(y,z) > die(z) }
Qu: %}l%lﬁy‘%‘ RNl iy {3(x) kill(x, Caesar), V(z) 3(y) kill(y,z) > die(z) }

Ans: ﬁiﬁ‘(f}f*}g‘iiﬁ%,ﬂﬂﬁ[ﬁ “mu;@%ﬁligpfj ~rxepy) { kill(killer(Caesar), Caesar), ...}
‘ 18
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Skolem functions

e If the existentially quantified variable is within the
scope of a universally quantified variable, it must be
replaced by a skolem function, which is a function of
the universally quantified variable.

e Sounds complicated, but is actually simple:
(VX)3y)P(x.y)) (vX) ... > AR AL

e |s Skolemized to give: | (3y) ... J[l.F-F1T'] Skolem function 2V *
(VX)(P(x,f(x)) e.g. (¥x)(Love(x,lover(x))

e After skolemization, V is dropped, and the expression
converted to clauses in the usual manner.

Skolem function ! EFFEE FRpY “HIEE” -
PUR P S o R S s 2R FOPC
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The Resolution Algorithm

1 First, negate the conclusion and add it to the list of
assumptions.

Now convert the assumptions into Prenex Normal Form
Next, skolemize the resulting expression

Now convert the expression into a set of clauses

Now resolve the clauses using suitable unifiers.

This algorithm means we can write programs that
automatically prove theorems using resolution.

o O b WIN

gt B ECT R (rule):l R > R P R[S T IR ¢ 7

20
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Example (substitution 1)

4wk
Resolution Proofs ¢ _4: Bk H !
Pw) = Q) | [ Q) =5 o P(W)>Q(W) # #34c5 mB s
\o— o Q(y)>S(y) = i Bsa4fsits
— _fzf ) e e P(x) VR(X) # « 45 4ot -t
W
True => $(x) v R(X) || R(z) => $(2) o R(2)>S(z) # pr-gxmics
{Zx) o S(A)? 2 A pE?
True => 5(x) S(A) == False
\{g s \ .
True —- False o I S(A)>False Ry
+ I71iE1S(A)> False Ji3-f prg— ——
VBt L Back chaining fiuigs s NOTE: £ < [HJ)E{\EIJ CNF Iﬁ?ﬁj?

Y I D BALT R £ 3
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Example (substitution 2)

Resolution Proofs aP(w) V Q(w) “Q(y) V S(y)
Pw) = Qw) | | Qi) = S) \{"ﬂ}/
\yw—" “P(w) V S(w) x) V R(X)
P(w) == S(w) True == P(x) v R(x) {wi/x
\de} . \/}/
(x) VR(x)| |7R(z)V S(z)
True == S{x) v R(x) R(z) == S(z)
) \\{zlx}
True => S(x) S(A) == False S(x) S(A)
Ty NG
True == False 1

'+ S(A)>False ﬂf;ﬁp’m 53R 2S(A) ﬂ%ﬁfj

22
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Example (Skolem function)

o it ?{B’éﬂ}’éjﬁ%‘,ﬁﬁ
human(x) > mother(M(x), x)

=love(John,z)

shuman(w) V “mother(y,w) V love(w,y) V(x) 3(y) human(x) > mother(y, x)

{John/w, zly} o I "ffv*‘}?lm’ﬁ@ﬁ%ﬁﬁ
human(w)Amother(y, w) >love(w,y)
V(w,y) human(w) * mother(y,w)->..

“human(John) V "mother(z,John)

“human(x) V mother(M(x),x) | e John flL— {if *

{John/ W human(John)

~human(John) human(John) o John FI2E FIRTEEY * 7
love(John,z)

- i+ 7 love(John,z) ﬁﬁ;ﬁpfj

L
Ans: F(ZVR53 ) 2 2= M(John)

23
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O Utl i n e Problem Solving
/\

Data-Driven (forward-chaining) Goal-Driven (back-chaining)
Brute-Force Search (exhaustive Search) e.g. Maze, Thm. proof

[

Blind Search (Generate & Test) Heuristic Search (Informed Method)

_— \ /N

DFS | | BFS | | Iterative Deepening Search Hill Climbing Best-first S. A* family

- 3\
. A* Alg.

__________________________________

British Museum Procedure

o . Uniform Cost Search
'___(I_q?p:“_fy_lrjg_Eh?-???l_m_a_l_[)_a}h_)__l (Branch and Bound, Dijkstra)

' Maybe not ; Beam Search Greedy Search
' complete ! . (selecting the best branches) ! 24
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1
1
1
1
1
1
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Deduction over FOPC --- forward-chaining

Dog(X) * Meets(X,Y)*Dislikes(X,Y) - Barks_at(X,Y)
Close_to(Z, DormG) - Meets(Snoopy, Z)

Man(W) - Dislikes(Snoopy, W)

Man(John), Dog(Snoopy), Close_to(John,DormG)

{John/W) /\

Dog(X) * Meets(X,Y)*Dislikes(X,Y) > Barks_at(X,Y)
Close_to(Z, DormG) - Meets(Snoopy, Z)
Dislikes(Snoopy, John)

Dog(Snoopy), Close _to(John,DormG)

S Barks_at(Snoopy,John) 25
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Deduction over FOPC --- Goal Tree

Barks_at(Snoopy,John)?

/ {John/Y}
{SHW\

Dog(Snoopy) Meets(Snoopy,John) | | Dislikes(Snoopy,John)

{John/Z} / {John/W/ \

Yes Close_to(John,DormG) Man(John) Other_Resons

Yes Yes

26
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Deduction over FOPC --- Resolution

Barks_at(Snoopy,John)-> False | | Dog(X) » Meets(X,Y)*Dislikes(X,Y) - Barks_at(X,Y)

{X/Snoopy, Y/John

Dog(Snoopy) * Meets(Snoopy,John)*Dislikes(Snoopy,John) 2> F| | T > Dog(Snoopy)

\0/_/

Meets(Snoopy,John)*Dislikes(Snoopy,John) - False

Close_to(Z,DormG) > Meets(Snoopy, Z) ﬂ {Z/John}

Close_to(John,DormG)”Dislikes(Snoopy,John) - False

True - Close_to(John, DormG) ﬁ

Dislikes(Snoopy,John) - False

Man(W) - Dislikes(Snoopy,W) N{W/ John}
onn

Man(John) - False

True > Man(John) \
True - False

27
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Horn Clauses in PROLOG (1)

e PROLOG uses resolution.

e A Horn clause has at most one positive
literal:
Av-Bv-aCv-aDv-=E..

e This can also be written as an implication:
BACADAE—->A

e In PROLOG, this is written:
A:-B,C, D,E

28
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Horn Clauses in PROLOG (2)

e Horn clauses can express rules:
A-B,CD

e Or facts:
A -

e Or goals:
-B,C,D, E

e If a set of clauses is valid, PROLOG will
definitely prove it using resolution and
depth first search.
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