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Abstract

We present a deterministic logspace algorithm for
solving S-T CONNECTIVITY on directed graphs if
(i) we are given a stationary distribution for random
walk on the graph and (ii) the random walk which
starts at the source vertex s has polynomial mixing
time. This result generalizes the recent determinis-
tic logspace algorithm for S-T CONNECTIVITY on
undirected graphs [15]. It identifies knowledge of the
stationary distribution as the gap between the S-T
CONNECTIVITY problems we know how to solve in
logspace (L) and those that capture all of randomized
logspace (RL).

1 Introduction

There is a long and beautiful line of work in com-
plexity theory, starting with [3, 21, 13] giving evi-
dence that randomized algorithms are not much more
powerful than deterministic algorithms. That is, un-
der a variety of natural complexity assumptions, ev-
ery randomized algorithm can be fully derandom-
ized with only a small loss in efficiency (e.g. time
and space). Like many research directions in com-
plexity theory, a major long-term goal is to obtain
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similar results unconditionally. Unfortunately, re-
cent results loosely show that, when we measure effi-
ciency by time, derandomization (e.g. BPP = P)
implies superpolynomial circuit lower bounds (for
NEXP), and thus unconditional results may be out
of reach [7, 9].

However, when we measure efficiency by space, it
seems that there is hope for unconditional derandom-
ization, even showing that RL = L. Indeed, there
are highly nontrivial and unconditional deterministic
simulations of RL. Most notably, using Nisan’s pseu-
dorandom generator for logspace computation [12],
Saks and Zhou [17] showed that RL C L3/2, where
L3/2 denotes the class of problems solvable in space
O(log®? n). But proving RL = L has remained elu-
sive; in fact, there has been no improvement to the
Saks and Zhou theorem in over a decade.

Hope for further progress on RL vs. L was re-
cently renewed, when Reingold [15] showed how to
fully derandomize the classic and most notable ex-
ample of an RL algorithm, namely the random-walk
algorithm of [1] for UNDIRECTED S-T CONNEC-
TIVITY. (Independently, Trifonov [20] gave an de-
terministic algorithm for this problem using space
O(logn - loglogn).) It is well-known that general
RL computations can be viewed as some restricted
form of the S-T CONNECTIVITY problem on directed
graphs (a.k.a. digraphs). (S-T CONNECTIVITY on
general digraphs is NL-complete, and RL algorithms
correspond to a restricted class of NL algorithms.)
Thus, one can attack the RL vs. L question by trying
to close the gap between undirected graphs (solvable
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in L by [15]) and the types of digraphs corresponding
to RL machines. This approach was pursued in [16].

The first question in this approach is to identify a
class of digraphs whose S-T CONNECTIVITY prob-
lems capture RL. In [16], it was shown that S-T
CONNECTIVITY on digraphs where the random walk
converges to the stationary distribution in a polyno-
mial number of steps is complete for RL. For short,
we refer to such graphs as poly-mixing, and the re-
sulting computational problem as POLY-MIXING S-
T CONNECTIVITY.! The poly-mixing condition cap-
tures what is needed for the random-walk algorithm
of [1] to work.?2 Consequently, proving RL = L
amounts to derandomizing this algorithm, and we
may hope to do so by closing the gap between poly-
mixing graphs and undirected graphs.

There are two general ways we might hope to
place POLY-MIXING S-T CONNECTIVITY in L, cor-
responding to two common settings for derandomiza-
tion in general. In the explicit setting, we design an
algorithm that is given full access to the input graph
and can do arbitrary logspace computations on it. This
is the most general approach, in the sense that it is
equivalent to proving RL = L. However, many de-
randomization results are actually done in a more re-
stricted oblivious setting. Here the algorithm is not
given explicit access to the input graph. Instead, based
on just the size and degree of the input graph, it gen-
erates “pseudorandom” bits to be used in the random-
ized algorithm. If the pseudorandom bits are gener-
ated from a short seed, then we can get a determinis-
tic algorithm by enumerating all seeds. For example,
any pseudorandom generator for space-bounded com-
putation, such as Nisan’s [12], yields an oblivious de-
randomization. (But Nisan’s pseudorandom generator
does not imply RL = L because the seed length is
O(log® n) rather than O(logn).) As noted in [16], to
put POLY-MIXING S-T CONNECTIVITY (and hence
all of RL) in L, a somewhat weaker notion of pseu-
dorandom generator suffices. Specifically, we only
need a method for generating pseudorandom walks on
poly-mixing graphs that ensures that the final vertex is
distributed close to the stationary distribution; we re-
fer to such a generator as a pseudorandom walk gen-
erator. Oblivious methods for derandomization tend
to be interesting in their own right, and have many
applications beyond just proving RL = L, such as
[8, 10, 6, 19]. However, they can be harder to ob-
tain. For example, the derandomization of Saks and

I Technically, this is a promise problem, and thus is complete for
the promise-problem analogue of RL.

2Technically, we also require that s and ¢ have non-negligible
stationary probability, but only require fast mixing on the strongly
connected component containing s.
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Zhou [17] is not oblivious.

The main results of [16] concern the oblivious set-
ting. First, extending the techniques of [15], they ex-
hibit a pseudorandom walk generator for regular di-
graphs that are consistently labelled. Regular means
that all the in-degrees and out-degrees are the same,
and consistently labelled means that it is never the
case that the ¢’th neighbor of u is the same as the
the ¢’th neighbor of v for distinct vertices v and v.
Second, they show that a pseudorandom walk gener-
ator for arbitrarily labelled regular digraphs implies
a pseudorandom walk generator for poly-mixing di-
graphs, and thus RL = L. Thus, dealing with in-
consistent labelling is the “only” obstacle to proving
RL = L in the oblivious setting.

In this work, we focus on the explicit setting. Re-
call that Reingold [15] gave a deterministic logspace
algorithm for UNDIRECTED S-T CONNECTIVITY in
this setting. In [16], this was extended to (arbi-
trarily labelled) regular digraphs, and more gener-
ally Eulerian digraphs (where every vertex has the
same in-degree as out-degree). This result is obtained
by noting that there is a simple reduction from S-T
CONNECTIVITY in Eulerian digraphs to S-T CON-
NECTIVITY in consistently labelled regular digraphs,
and then applying the pseudorandom walk generator
for consistently labelled regular digraphs mentioned
above. Thus, after [15, 16], the gap in the explicit set-
ting is between regular or Eulerian digraphs (which
are in L) and general poly-mixing digraphs (which
are complete for RL).

Regular and Eulerian digraphs have a few proper-
ties not shared by general poly-mixing digraphs. It
is easy to obtain a stationary distribution for the ran-
dom walk on such graphs: the uniform distribution in
the case of regular graphs, and assigning each vertex
mass proportional to its degree in the case of Eulerian
digraphs. In addition, this stationary distribution can
be computed exactly in logspace and every vertex has
non-negligible probability in it (at least 1/(#edges)).

In this work, we show that in general, knowing
a stationary distribution of the random walk is suf-
ficient to solve POLY-MIXING S-T CONNECTIVITY
in deterministic logspace. That is, we consider a fur-
ther restriction of POLY-MIXING S-T CONNECTIV-
ITY, where we are given the stationary probabilities as
part of the input, and show that the resulting (promise)
problem, KNOWN-STATIONARY S-T CONNECTIV-
ITY, is in L. We allow the possibility that some ver-
tices have exponentially small stationary probability,
and the estimates only need to be accurate to within a
1/poly(n) additive error. We view this result as clar-
ifying the property that makes Reingold’s algorithm
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and its generalizations possible, and suggesting that
future attempts to prove RL = L might focus on
dealing with unknown stationary distributions.

Problem Oblivious | Explicit
Regular digraph with L L
consistent labelling
Regular digraph with RL L
arbitrary labelling
Poly-mixing digraph with RL L
known stationary distribution (new)
Poly-mixing digraph RL RL
(RL complete)

Table 1. S-T CONNECTIVITY problems
and RL vs. L

An entry of L means that there is a deterministic
logspace solution for the given class of graphs in the
given setting (oblivious or explicit). An entry of RL
means that such a solution would imply RL = L.

It is interesting to note the very different behavior
of the oblivious setting and explicit setting, as summa-
rized in Table 1. Our result shows that in the explicit
setting, the gap between L and RL centers around
whether the stationary distribution is known. But in
the oblivious setting, this is not an essential property,
as the results of [16] show that handling (arbitrarily
labelled) regular digraphs, where the stationary distri-
bution is uniform, suffices to solve all of RL. Instead,
in the oblivious setting the key property seems to be
consistent labelling; note that this property is irrele-
vant for the explicit setting, where there is a simple
reduction from arbitrarily labelled regular graphs to
consistently labelled ones.

The idea of restricting to the case that estimates
of the stationary probabilities are known is inspired
by the work of Raz and Reingold [14], who studied
derandomization of RL machines when estimates of
the state probabilities of the RL machine are known.
Our model and results are incomparable to those of
[14]. They require estimates of the probabilities on
walks of every length (in a layered graph), whereas
we only require the estimates of the long-term be-
havior (in a poly-mixing graph). On the other hand,
they require only weak multiplicative estimates of the
probabilities, whereas we require good additive esti-
mates. Finally, they only derandomize walks of length
roughly 2vlogn \whereas our work allows the walk
length/mixing time to be poly(n).

Our algorithm for KNOWN-STATIONARY S-T
CONNECTIVITY is obtained by giving a logspace re-
duction from the case of poly-mixing digraphs with
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known stationary probabilities to the case of nearly
regular digraphs, and then showing that the algorithm
of [16] works even if the graph is nearly regular. This
reduction is inspired by the result of [16] showing
that a pseudorandom walk generator for (arbitrarily
labelled) regular digraphs implies a pseudorandom
walk generator for all poly-mixing digraphs. The
proof of their theorem works by showing that every
poly-mixing digraph can be ‘blown up’ to a regular
digraph such that pseudorandom walks on the regu-
lar digraph project down to pseudorandom walks on
the poly-mixing digraph. The ‘blow up’ procedure of
[16] is only done in the analysis, and thus need not be
computable in logspace (the logspace algorithm only
needs to do the projection of walks, which is very sim-
ple). Much of the work in our result is in showing
that a similar blow up can in fact be done in logspace
if estimates of the stationary probabilities are known.
To do this, we need to find alternatives to some of
the steps taken in the construction of [16], and settle
for getting a nearly regular rather than exactly regular
graph at the end.

Organization. The rest of the paper is organized
as follows. We discuss technical preliminaries about
random walks on digraphs and Markov chains in Sec-
tion 2. In Section 3, we give the formal statement of
our main result and a high-level overview of the proof.
Finally, we present the proof of the main theorem in
Section 4. Some proofs are omitted due to space con-
straint; they can be found in the full version [4].

2 Preliminaries

In this paper, we consider directed graphs (di-
graphs for short) G = ([n], E), and allow them to
have multiple edges and self-loops. A graph G is
outregular if every vertex has the same number d of
edges leaving it; d is called the out-degree. G is regu-
lar if it is both outregular and inregular. We say G is
a d-(out)regular graph if G is a n-vertex (out)regular
graph of (out-)degree d.

Given a graph G on n vertices, we consider the
random walk on G described by the transition matrix
M whose (u, v)’th entry equals the number of edges
from w to v, divided by the out-degree of v. Mg is a
Markov chain on state space [n]. Since we are inter-
ested in random walks on graphs, when we refer to a
Markov chain M, there is always an underlying graph
G with Mg = M.

We say M is a-lazy if M (v,v) > a for every v,
and M is lazy if M is a-lazy for some a > 0. A dis-
tribution 7 on [n] is stationary for M if #M = .
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For a distribution « on [n], denote the support of « by

supp(«) def {v : a(v) > 0}. Note that the support
of a stationary distribution is always the union of dis-
joint strongly connected components since stationary
implies that if there is a path from u € supp(r) to v,
then there is also a path from v to u.

We are interested in the rate at which a Markov
chain M converges to a stationary distribution. In
terms of random walk on the graph, how many steps
does it take to reach a stationary distribution? It is
well-known that for undirected graphs, the rate of
convergence is characterized by the second largest (in
absolute value) eigenvalue Ay (M) of the matrix M.
More precisely, let oy denote the distribution of a ran-
dom walk after ¢-th step, and 7 be the stationary dis-
tribution a? converges to, then the variation distance
of a; to m will decrease in the rate Ao (M)! (For two
distributions «, 3 on [n], their variation distance is
Ao §) < (1/2) 3, la(v) = A(v)])

However, for directed graphs, A2(M) may even
not exist. To estimate the mixing time, Mihail [11]
and Fill [5] introduce a generalized parameter, which
we call the spectral expansion A\ (M), and is equal to
A2 (M) when G is undirected.

Definition 2.1 Let M be a Markov chain and 7 a sta-
tionary distribution for M. We define the spectral ex-
pansion of M with respect to T to be
def |z M ||
X
zER™:Y

’UG:;upp(ﬂ)‘T(v):O HJTHW ’

def
where ||z||r = > vesupp(n) z(v)?/7(v).

The following lemma shows that, like Ay, A\, mea-
sures the rate of convergence to the stationary distri-
bution 7.

Lemma 2.2 (cf. [16]) Let M be a Markov chain on
[n] and 7 a stationary distribution with A\ (M) < 1.
Let o denote the distribution of a random walk after
t steps starting from distribution o with supp(a®) C
supp(m). Then,

Alat, 1) < X\ (M)E - [[a® — 7|
In particular, the walk o converges to .

Since the above lemma implies that random walks
starting at any vertex in supp(7) converge to T, it fol-
lows that supp() consists of a single strongly con-
nected component and that 7 is the unique stationary
distribution supported on this component.

Sometimes it is convenient to use the spectral gap

Y (M) defy - Ar (M). We will often bound A (M)

(or v (M)) by the conductance of M.
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Definition 2.3 Let M be a Markov chain with n ver-
tices and T a stationary distribution. The conductance
of M with respect to T is defined to be

EuEA,vQA W(U)M('LL7 U)
m(A)

hy (M) def min

A:0<7(A)<1/2
Observe that the denominator 7(A) is the prob-
ability mass contained in A, and the numerator
> uevga T(w)M (u, v) is the probability mass flow-
ing out from A. The conductance is a lower bound of
the fraction of probability mass in A leaving A. Intu-
itively, if the conductance is large, then the probability
mass will mix quickly. Indeed, the following lemma
formalizes this intuition.

Lemma 2.4 ([18, 11, 5]) Let M be a connected, 1/2-
lazy Markov chain and 7 a stationary distribution.
Then 1z (M) > h(M)? /2

To estimate the conductance, we introduce another
useful measure of mixing time which is implicitly
used in [16].

Definition 2.5 Let M be a Markov chain, and s be a
vertex of M. The visiting length of s, denoted {s(M),
is the smallest number { such that for every vertex v
reachable from s, a random walk of length ¢ from v
visits s with probability at least 1/2.

Lemma 2.6 ([16]) Let M be a 1/2-lazy Markov
chain. Let s be a vertex of M with visiting length
L. Then M has a stationary distribution 7 (with
s € supp(m)) such that the conductance satisfies
h=(G) > 1/(2¢), and hence the spectral gap satis-
fies 1(G) > 1/(362).

Since spectral gap and visiting length are both
measures of mixing time, it is not surprising that we
can also bound visiting length by spectral gap.

Lemma 2.7 (implicit in [16]) Let M be a Markov
chain with n vertices such that the underlying graph
is d-regular, and T be a stationary distribution with
Yo(M) > 1/k. Let s be a vertex of M with
w(s) > 1/k, then the visiting length £s(M) is at most
O(nk3log d).

3 Main theorem and proof overview

Our main result is a deterministic logspace algo-
rithm to solve S-T CONNECTIVITY problem for di-
graphs with polynomial mixing time when a good ap-
proximation of a stationary distribution is available.
Formally, we study the following problems, and solve
them in deterministic logspace.
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0-KNOWN-STATIONARY S-T CONNECTIVITY:

e Input: (G,pi1,...,pn,5,t,1%), where G =
([n], E) is a d-outregular digraph, s,t € [n] =
V,andk € N

e YES instances:

1. There is a stationary distribution 7 such
that 7(s), w(t) > 1/k, and for each v € [n]
that can reach s, |p, — w(v)| < 6.

2. If we let 7, be the restriction of 7 to the
strongly connected component of supp(7)
containing s, then v, (G), 7(s), 7s(t) >
1/k.

e NO instances: There is no path from s to ¢ in G.

0-KNOWN-STATIONARY FIND PATH:

e Input: (G,pi1,...,pn,5,t,1%), where G =
([n], E) is a d-outregular digraph, s,t € [n] =
V,andk € N

e Promise:

1. There is a stationary distribution 7 such
that 7(s), w(t) > 1/k, and for each v € [n]
that can reach s, |p, — w(v)| < 4.

2. If we let m, be the restriction of 7 to the
strongly connected component of supp(7)
containing s, then v, (G), 7s(s), ms(t) >
1/k.

e Output: A path from stotin G.

In both of the above problems, (pi,...,pn) is
called the input stationary distribution, and ¢ can be a
function of the input parameters n, d, and k. We note
that if we remove Condition 1 (regarding the accu-
racy of the stationary distribution), then the resulting
problems, POLY-MIXING S-T CONNECTIVITY and
POLY-MIXING FIND PATH become complete for the
promise and search version of RL, respectively [16].

Note that the input stationary distribution
(p1,-..,pn) does not necessarily reveal the solution
to the decision problem, because (pi,...,p,) can
be arbitrary on NO instances (in particular, p; can
be larger than 1/k). Moreover, even if we required
Condition 1 (regarding the accuracy of the stationary
distribution) to hold on NO instances, p; could be
arbitrary in case that there is no path from ¢ to s.
However, when there is a path from ¢ to s, but no path

3That is, if S C supp() is the strongly connected component
containing s, then 75 (v) = m(v)/ (3 ,,c 5 T(w))
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from s to ¢, any stationary distribution 7 has to have
m(t) = 0, and so p; < 4. In this case the decision
problem becomes trivial, but the search version
is still interesting. We remark that the reduction
from arbitrary RL problems to POLY-MIXING S-T
CONNECTIVITY presented in [16] always gives such
instances.

Theorem 3.1 There is a polynomial p such
that  (1/p(n,d, k))-KNOWN-STATIONARY  S-T
CONNECTIVITY  and  (1/p(n,d, k))-KNOWN-
STATIONARY FIND PATH can be solved in logarith-
mic space.

To prove Theorem 3.1, it suffices to provide
a deterministic logspace algorithm for KNOWN-
STATIONARY FIND PATH as we can check whether
the path found leads from s to ¢ in order to decide
KNOWN-STATIONARY S-T CONNECTIVITY. Let G
be an input graph satisfying the promise. Note that
the promise implies that supp(7s) is a strongly con-
nected component containing s and ¢. Our goal is to
find a path from s to ¢ in G. To simplify the presen-
tation, we first set § = 0, and use 7(+) to denote the
input stationary distribution. We will explain why the
proof still works for some § = 1/poly(n,d, k) at the
end.

Recall the idea mentioned in introduction. We first
blow up G to a graph G that is “close” to a con-
sistently labelled regular graph G, and then apply
the pseudorandom walk generator of [16] for consis-
tently labelled regular graphs to G”. The pseudoran-
dom walk generator will produce a path in G which
can be projected to a path in G, which will visit ¢ with
non-negligible probability. Since the pseudorandom
walk generator uses a seed of logarithmic length, we
can enumerate all possible seeds and find a path from
s to t in deterministic logspace.

Although the idea is natural, the construction and
analysis are somewhat delicate. The main challenge is
that we need to preserve the mixing time throughout
the construction. Since the pseudorandom walk gen-
erator works for consistently labelled regular graphs,
but G” is only close to such a graph Gy, there is
some “error” accumulated along the pseudorandom
walk. It is important to minimize the error produced
in each step (by making G closer to Go,) while
keeping the walk short by maintaining the mixing
time.

We divide the construction into four stages. The
algorithm will actually construct two graphs G’ and
G", and for the purpose of analysis, we will define
two regular graphs G'eq and Geon. Before we discuss
the construction, we first discuss two properties of G
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we want to preserve throughout the construction. Let
€ be a small error parameter (which we will later set
to be 1/poly(n,d, k).)

1. All four graphs preserve the s-t connectivity of
G: Each vertex v in G will become a cloud of
vertices in each of the four graphs. The existence
of a path from s to ¢ in G implies the existence of
a path from the cloud of s to the cloud of ¢ in the
four graphs. Furthermore, every path from the
cloud of s to the cloud of ¢ in G’ or G” can be
projected to a path from s to ¢ in G in logspace.

2. G', Greg, and Geop preserve the mixing time of
G: We want the spectral gaps v(G’), 7(Greg),
¥(Geon) > 1/poly(n,d, k) for some fixed poly-
nomial independent of €. In this case, we say G’,
Gireg, and Geon have short mixing time.

We describe the goal of each stage below.

STAGE 1 We improve the regularity of G in this
stage. We convert G to a nearly dD-regular digraph
G’ with roughly N vertices in logspace, where N, D
are blow up factors depending on €. We use the in-
put stationary distribution to determine how much to
blow up each vertex and edge so that G’ is nearly reg-
ular. More precisely, nearly regular means that except
for an O(e) fraction of bad vertices in G’, every ver-
tex has in-degree and out-degree (1 + O(¢))dD. We
emphasize that G’ has short mixing time.

STAGE 2 This stage is a mental experiment for the
sake of the analysis and is not used by the algo-
rithm. We define a regular graph G,eg “close” to G’
by adding an O(ke) fraction of edges to G’. Adding
only a small number of edges is the key property to
show that the behavior of pseudorandom walk gener-
ator of [16] on G” and Go, are almost the same in
Stage 4 below. Since G’ is nearly regular, it is easy to
get a regular graph by adding small number of edges.
The main challenge is to ensure that G, has short
mixing time, which we do by using a generalization
of the notion of visiting length.

STAGE 3 Now we have (near-)regularity, we work on
consistent labelling. There is a simple graph operation
that converts a regular graph G, to a consistently la-
belled graph G.on. The operation will preserve both
the connectivity and mixing time. Note that the al-
gorithm applies the operation to G’ to construct G”
instead of applying the operation to Gy, as we do
not know how to construct G,g in logspace.
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STAGE 4 The algorithm now applies pseudorandom
walk generator of [16] to G”. If the pseudorandom
walk generator is applied to G¢on, then by the prop-
erty of pseudorandom walk generator and short mix-
ing time of Gon, a short pseudorandom walk will end
inside the cloud of ¢ with non-negligible probability.
It can be shown that the behavior of pseudorandom
walk on G” and Go,, are almost the same. (The er-
ror is roughly € times the length of walk, which can
be made small because the walk is short.) Hence, the
pseudorandom walk on G” will end inside the cloud
of ¢ with positive probability as well. By enumerat-
ing all seeds, the algorithm can find a path from the
cloud of s to the cloud of ¢ in G”, which can then be
projected to a path from s to ¢ in G.

As mentioned in the introduction, our algorithm is
inspired by and shares a similar structure of the result
of [16] showing that a pseudorandom walk genera-
tor for (arbitrarily labelled) regular digraphs implies
a pseudorandom walk generator for all poly-mixing
digraphs. There are several reasons that the proof in
[16] is not directly applicable:

1. In [16], G’ is only part of the analysis and does
not to be explicitly constructed by the algorithm
in logspace. The reason is that G’ and G, can
be labelled in such a way that the projection of
walks from G’ to G can be done without actually
knowing GG. However, this labelling is far from
consistent (on G ), Which is ok because the re-
sult of [16] assumes the existence of a pseudo-
random walk generator for arbitrary labellings.
Here we only want to use the (known) pseudo-
random walk generator for consistently labelled
graphs. To get a consistent labelling, we con-
struct G’ explicitly and then apply Stage 3.

2. Even with knowledge of stationary probability,
it is not clear how to carry out the construction
of G’ in [16] in logspace. In the first step of the
proof of [16], they add some edges to G to make
the stationary probability of every vertex non-
negligible. However, it is not clear how to com-
pute the new stationary distribution in logspace.
Therefore, we skip this step and deal with ver-
tices having exponentially small stationary prob-
ability directly in our analysis.

4 Proof of the main theorem

We prove the main theorem by solving the path
finding problem in this section following the outline
in the previous section. Let G be an input graph

IEE |-:

COMPUTER

SOCIETY



satisfying the promise. That is, G is a n-vertex, d-
outregular digraph, and vertices s and ¢ in GG are con-
nected. Furthermore, let 7(-) be an (accurate) input
stationary distribution, and 7,(-) be the restriction of
7 to the strongly connected component of supp()
containing S. We have v, ws(s), ws(t) > 1/k.

Let e = (ndk)~¢ for a constant ¢ to be determined
later. Let N = [5n/e?], and D = [5N/e] be blow
up factors for vertices and edges. By adding self-
loops, we may assume without loss of generality that
the out-degree d is divisible by 4, and G is 3/4-lazy.

4.1 Construct nearly regular graph &’
from G

Roughly speaking, our goal is to improve the reg-
ularity of G while preserving the mixing time. From
G, we will construct in logspace a nearly regular di-
graph G’ with a few additional properties. We want
to preserve the connectivity of GG, and want to be able
to project a path in G’ to a path in G. We want G’
to have short mixing time, and by the way we control
the mixing time, we also need G’ to be 1/2-lazy.

Let us start with regularity. We can think of a ran-
dom walk on G from a stationary distribution 7 as a
flow with no source or sink. Each vertex v has prob-
ability mass 7(v). Each edge (v,u) carries 7(v)/d
flow from v to u. Note that regular graphs are char-
acterized by the stationary distribution 7 being uni-
form — every vertex has equal mass 1/n, and each
edge carries equal flow 1/(nd). Observing this, it is
natural to attempt to split each vertex and edge pro-
portional to the mass contained in each vertex and the
flow carried by each edge.

For motivation, we begin by describing an ideal
construction in which we ignore round-off errors.
Specifically, we convert G to a N-vertex dD-regular
graph G’ as follows. For each vertex v in G, we
blow it up to a cloud of w(v)N vertices C, so that
each new vertex contains exactly 1/N probability
mass. For each edge (v,u) in G, we blow it up
by a factor D for each vertex in C,. More pre-
cisely, for each edge (v, u) in G, and each © € C,,
(v,u) induces D outgoing edges from ¢ to C, and
we spread these edges uniformly over C,. That is,
each & € C, receives D/|C,| edges from ©. Note
that (v, u) carries w(v)/d flow in G, and blows up to
m(v)N - D edges in G', so each induced edge shares
(r(v)/d)/(m(v)N - D) = 1/(dDN) flow from the
original edge. Intuitively, since each vertex has equal
probability mass (namely, 1/N) and each edge car-
ries equal flow (namely, 1/(dDN)), we expect G’ to
be regular.
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However, we cannot actually perform the ideal
construction, because w(v)N and D/|C,| may not
be integers. Thus we consider a more general con-
struction. Let a(v) be the vertex blow-up factor and
b(v) be the edge blow-up factor of vertex v in G.
Now, for each vertex v, we blow up it into a cloud
of a(v) vertices C,,. For each edge (v,u), and each
v € Cy, (v,u) induces b(v) outgoing edges from o
to C,,, spread as uniformly as possible. That is, each
@ € C, receives either [b(v)/a(u)] or |b(v)/a(u)]
incoming edges from v. Phrased in this way, the ideal
construction sets a(v) = w(v)N, and b(v) = D for
every v.

It is natural to set a(v) = [w(v)N]; we will
discuss how to set b(v) shortly. Note that each
edge (v,u) in G carries flow w(v)/d, and induces
a(v) - b(v) edges in G’. So each induced edge shares
(m(v)/d)/(a(v) - b(v)) flow from (v, u). It turns out
that if every edge in G’ shares roughly 1/(dDN)
flow, then the stationary distribution of G’ will be
well-behaved, and we can show that indeg(0) =

outdeg(¥) for every © € G'. Thus, we set b(v) =

W(EE)%V D]. Note that when 7(v) is not too small,

a(v) = [n(v)N] = w(v)N, b(v) = D, and
(r(v)/d)/(a(v) - b(v)) ~ 1/(dDN), similar to the
ideal construction.

It can be shown that setting a(v) = [w(v)N], and

b(v) = %:g;]]\\;] DW indeed makes G’ nearly dD-
regular in the following sense: Except for at most
eN bad vertices in G’, every vertex © satisfies (1 —
O(e))dD < indeg(?), outdeg(v) < (14 O(e))dD.

Before we actually prove this claim, we discuss
one more technical twist to make G’ 1/2-lazy. Re-
call that G is 3/4-lazy, so each vertex v has at least
3d/4 self-loops. We transfer d/2 self-loops of v in
G to b(v) - (d/2) self-loops for each ¢ in G’, and use
the aforementioned rule to transfer the remaining d/2
edges. This clearly makes G’ 1/2-1azy.

Formally, the algorithm to convert G to G’ is as
follows.

1. For each vertex v in G, we blow up v to a cloud
C, in G’ with size a(v) = [7(v)N].

2. For each vertex v in G, and each © € C,, d/2
self-loops of v induce b(v) - (d/2) self-loops on
0, and each remaining outgoing edge (v, u) in-
duces b(v) edges which are spread as uniformly
as possible from ¢ to Cy; that is, every 4 € CY,
gets [b(v)/a(u)] or [b(v)/a(u)] corresponding
edges from 0.

It is not hard to see that given G and the input
stationary distribution 7 (), G’ can be constructed in
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logspace: For each vertex v, the blow-up factors a(v)
and b(v) are easy to compute since the arithmetic only
involves numbers of logarithmic bit-length,4 and it is
easy to spread b(v) edges to a cloud of size a(u). Note
that C and C have size at least N/k, and G’ has at
most N + n vertices, so the density of Cs and C; is
at least 1/2k. The following lemma says that the in-
degree and out-degree of any ¢ in G’ are close.

Lemma 4.1 Forevery v € C,, we have outdeg(v) <
dD, and:

dD (%) < outdeg() < dD (% +s) :

=2

dD (ﬂ 75> < indeg() < dD (Lﬂ\q +s) .

[m(v)N] [m(v)N

Proof. The proof can be found in the full version of
the paper [4]. |

The lemma implies that when (:Ezg%
1, v is nearly dD-regular. This leads to the definition
of good/bad vertex.

is close to

Definition 4.2 A vertex v in G is good if m(v) >
1/(eN) = O(g/n) v is bad otherwise.

The following two simple lemmas show that good
vertices are nearly d D-regular, and the number of bad
vertices is small.

Lemma 4.3 For every good vertex 0 in G', we have

[(1—¢)dD,dD]
[(1 - 2)dD, (1 + ¢)dD]

outdeg(v) €

indeg(0) €
Proof. The proof can be found in the full version of
the paper [4]. |

Lemma 4.4 The number of bad vertices in G’ is at
most eN.

Proof. The proof can be found in the full version of
the paper [4]. |

Let us study the relation between G and G’. Note
that G’ is obtained by blowing up each vertex and
edge of G by a certain factor, on the cloud level, G’
has the same structure as G. That is, for every two
vertices u,v of G and every & € C,, the fraction
of edges leaving @ that enter C,, equals the fraction
of edges leaving u that lead to v. Therefore, we can
project a path from @ € Cy, to © € C, in G’ to a path
from u to v in G, and project a stationary distribution

“4Recall that 1/poly(n, d, k)-approximation of (-) is suffices
(which we will argue in the end), so 7(-) can be expressed in loga-
rithmic bits.
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of G’ to a stationary distribution of G. Furthermore, a
random walk on G’ is projected to a random walk on
G.

Conversely, a path (resp., a stationary distribution)
on G can be lifted to a path (resp., a stationary distri-
bution) on G’. By lifting we mean the projection of
a lifted object is again the original object. It is easy
to see that for any path from u to v in G, there ex-
ists lifted paths from some @ € C,, to some v € C,,.
Given a stationary distribution 7 of GG, we can obtain
a lifted stationary distribution of G’ by the station-
ary distribution of a random walk starting from cer-
tain distribution. Let « be a distribution on G’ defined
as follows. For each vertex v € G, set a(v) = 7(v)
for some ¢ € C, and «(?’) = 0 for all other ¢’ € C,,.
Since G’ is 1/2-lazy, the random walk started at «
converges to a stationary distribution /. Note that
the projection of this random walk is a random walk
on G starting from stationary distribution 7. Hence,
the projected distribution is always 7, and in particu-
lar, the projection of 7’ is .

Let 7' and 7/, be lifted stationary distributions of
the input stationary distribution 7 and 7 respectively.
For the above discussion, we know that G’ preserves
the connectivity of Cs and C}, and on the cloud level,
preserves the visiting length, which leads to the fol-
lowing definition.

Definition 4.5 Let M be a Markov chain, and S be a
set of vertices in M. The generalized visiting length
of S, denoted Us(M), is the smallest number £ such
that from every vertex v reachable from S, a random
walk of length ¢ from v visits S with probability at
least 1/2.

The above discussion implies that the generalized
visiting length £c (G') in G’ is equal to the visit-
ing length ¢5(G) in G. Note that by Lemma 2.7,
l(G) = O(nk®logd) = poly(n,d, k) is short in
the sense that it is independent of €. Hence, on the
cloud level, the mixing time of G’ should be short as
well. Moreover, the cliques induced by at least d/4
self-loops on each vertex should imply quick mixing
inside each cloud. We may thus expect G’ to have
short mixing time. The following lemma formalize
this intuition.

Lemma 4.6 Let M be a 1/2-lazy Markov chain. Sup-
pose there is a vertex set S with generalized visit-
ing length { satisfies M (s1, s2) > 1/(8|S]) for every
$1,82 € S. Then M has a stationary distribution 7
(with S C supp(w)) such that the conductance sat-
isfies ho (M) > 1/(32¢), and hence the spectral gap
satisfies vy (M) > 1/(21 . £2).
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Proof. The proof can be found in the full version of
the paper [4]. |

Let M’ be the transition matrix for the ran-
dom walk on G’. Note that for all 31,5, € C,,
M'(51,82) > 1/(6|Cs]) > 1/(8|C|) is satisfied
by the cliques on Cs induced by d/4 self-loops of
s € G. A straightforward application of Lemma
4.6 shows that v, (G') > 1/(2'" - ((c,(G"))?) =
1/poly(n,d, k), which means G’ has short mixing
time, as desired.

To summarize, in this stage we construct G’ from
G in logspace with the following properties.

1. G’ is nearly dD-regular: There are at most e N
bad vertices in G’, and for all good vertices
v € G, (1-0(e))dD < indeg(v), outdeg(v) <
(14 O(g))dD.

2. G’ preserves the connectivity of Cs and C, and
every path from C to C; in G’ can be projected
to a path from s to ¢ in G in logspace.

3. G’ has short mixing time: The generalized vis-
iting length of Cs in G’ is O(nk®logd) =
poly(n,d, k), M'(51,52) > 1/(6|Cs|) for all
31,89 € (s, and the spectral gap of G’ satisfies
s (G1) = 1/(217- (£)2).

4. The sizes of C and C} are at least N/k, and their
density are at least 1/(2k).

4.2 (G’ is close to a regular graph G,

We emphasize that this stage is a mental experi-
ment for the sake of the analysis and so the algorithm
does nothing in this stage. We show in analysis that
by adding at most O(kedDN) edges, we can get a
regular graph Gz With short mixing time.

Since the out-degree and in-degree of every vertex
9 in G’ are bounded by (1 + O(¢))dD, we can make
G’ (14 O(e))dD-regular by adding (14 O(e))dD —
outdeg(¥) outgoing edges from each vertex 9. Do-
ing so adds at most O(sdDN) edges because (1 +
O(e))dD — outdeg(?) = O(edD) for each good ver-
tex U, and there are at most €N bad vertices. However,
note that the stationary distribution of a regular graph
is uniform, while there might be some (bad) vertices ©
in G’ with exponentially small stationary probability.
Thus, the stationary distribution might change dra-
matically under this operation, making it difficult to
directly relate the spectral gap of G’ and Gheg. In-
stead, we control the mixing time by maintaining the
generalized visiting length and clique structure of Cl,
as well as the laziness of the entire graph.
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To maintain the generalized visiting length of Cs,
we do not allow the set of vertices reachable from C
to increase when we add edges. Let V; be the set
of vertices reachable from s in GG, V5 the set of ver-
tices that can reach s but are not reachable from s, and
V3 =V — V) — V5. Note that for every stationary dis-
tribution w of G, w(V2) = 0. Hence, forevery v € V5,
its vertex blow-up factor a(v) is 0, which means v is
“deleted” in G'.> Let V{ and V4 be the set of vertices
in G’ corresponding to V7 and V3, respectively. We
have V' = V/ U V4, and V/ and V4 are disconnected,
so we can make V] regular by adding edges from V
to V7 itself, which will not increase the set of vertices
reachable from Cs. We use the following procedure
to make V7 regular.

1. Make out-degree of each vertex at least (1 —
€)dD. For each bad vertex ¢ € V{ with
outdeg(?) < (1 — €)dD, do the following:

(a) Add [((1 — €)dD — outdeg(v))/2] self-
loops to 2.

(b) Add [((1 —€)dD — outdeg(?))/2] outgo-
ing edges from ¢ to V{, spread as uniformly
as possible. That is, every ¢’ gets t or t + 1
edges from ¢ for some integer ¢t. We al-
ways let § € C; gett + 1 edges when it is
possible.

2. Make the graph regular: Arbitrarily add edges in
V{ to make the graph (1 + 2ke)dD-regular.

3. Make the graph 1/2-lazy: Add 4kedD self-loops
to each ¢ € V/.

We need to argue that this procedure is always
possible, but first provide some intuition for the con-
struction. If we add only small number of outgoing
edges to every vertex, then a short random walk will
use original edges with high probability. In this case,
the generalized visiting length should not change too
much. However, a bad vertex ¢ may have small out-
degree. We need to add many outgoing edges to ©
to make the graph regular. To make sure that ¥ does
not increase the in-degree of other vertices too much,
and that a random walk can visit Cs from o easily,
it is natural to spread the extra outgoing edges of ¥
as uniformly as possible. In particular, a one-step
random walk from ¢ using new outgoing edges of
o will visit Cs with probability at least |Cs|/|V]| =
Q(1/k). Therefore, we can expect the generalized
visiting length of C'; remains short.

SThis is no longer true when the input stationary distribution is
not accurate; we will deal with this issue in Section 4.5.
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We now argue that the above procedure is always
possible. That is, after the first step, the in-degree and
out-degree of each vertex is less than (1 4+ 2ke)dD.
The out-degree part is trivial. For the in-degree part,
let us first upper bound the number of incoming edges
added in step 1b. The number of bad vertices is at
most eN. Since Cs C V/, |V/| > N/k. Each bad
vertex adds at most [(dD/2)/|V{|] < dD/(N/k) =
kdD/N to the in-degree of each ¢ € V7. Hence the
in-degree is increased by at most (eN) - (kdD/N) =
kedD in step 1b. For a good vertex 0, © does not
get any self-loops in step la. By Lemma 4.3, the in-
degree of ¢ is at most (1 + €)dD + kedD < (1 +
2ke)dD after step 1b. For a bad vertex ¢, by Lemma
4.1, indeg(v) < outdeg(d) + edD, so after step la,
indeg(0) < (14¢)dD, and after step 1b, indeg(0) <
(14 2ke)dD. We also note that the resulting graph is
1/2-lazy because G’ is 1/2-lazy and for each vertex,
at least half of the outgoing edges added by the above
procedure are self-loops.

We now deal with V3. Since V3 does not affect the
generalized visiting length of C's, we can make it reg-
ular in the naive way described at beginning. To sum-
marize, we construct a 1/2-lazy, (14 6ke)dD-regular
digraph Greg = (Vieg, Freg) from G’ as follows.

L] reg — Vll @] ‘{3’

e We make V| 1/2-lazy and regular by the above
procedure.

e We make VJ 1/2-lazy and regular by first adding
(1 + 5ke)dD — outdeg(d) self-loops to each
¥ € V4, and then make V4 (1 + 6ke)dD-regular
arbitrarily.

The construction preserves the connectivity of C
and C; because the set of vertices reachable from C
remains the same. We next bound the generalized vis-
iting length of C,. To simplify the presentation, we
introduce the following notation. Let G’ = (V{, E})
be the subgraph of G’ induced by V7, and G\ be the
(strongly) connected component V; in Gyeg. Let By
be the edge set added to V7 in step 1 above, and By
be the edge set added to V7 in steps 2 and 3. Hence,
CNlreg = (W,Ei U Bl U BQ). Let ¢/ = fcs(é/) =
00, (G"), and lreg = €0, (Greg) = £c,(Greg) be the
generalized visiting length of Cy in G’ and G, re-
spectively. Then we have:

Lemma 4.7 (.., = O(('k).

The reason that we can not apply the algorithm for Vi to V4 is
that |V;| may be too small. In this case, after step 1, the in-degree
will be too large.
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Proof. Let ¢/ = 3af’k for some constant a to be deter-
mined later. Let 0 be any vertex reachable from C.
Let w denote an (-step random walk in Gyeg from .
We need to show Pr,,[w visits Cs] > 1/2. Consider
the following three events:

e &1: wuses > ak edges in By A never visits Cs.
e &: wuses > one edge in By A never visits Cs.

e &3: w uses less than ak edges in By, no edge in
Bs, and never visits Cs.

Clearly, Pr,[w doesnotvisit S] < Pry,[&] +
Pry[E2] + Pry[€s]. Let us upper bound the three
events.

Since each vertex 7 in Geg has at most an O(ke)
fraction of outgoing edges from Bs, for each step the
probability that w uses a By edge is at most O(ke).

By a union bound,
Pr[&] < O(ke) - £ = O(acl'k?).

To bound Pr,[&;], we consider the following ex-
periment: Let w’ be a random walk starting from the
same vertex 0 that continues until it uses ak edges in
B;. Each time that w’ uses a B; edge, w’ visits C;
with probability at least 1/(4k) (at least 1/2 chance
to use an edge added in step 1b, and the density of C;
is at least 1/(2k)). It follows that

w!

1 ak
Pr[w’ never visits C] < (1 — E) < e /4,

To justify this bound, we can think of the random walk
in the following way. At each step w’ first tosses a bi-
ased coin to decide to use edge in B; orin EFU B3, and
then chooses an edge from the chosen set uniformly.
Note that the biased coin depends on the fraction of
B edges leaving the current vertex. Each time that
w’ decides to choose a By edge, w’ will hit Cy with
probability at least 1/(4k).

Now we can analyze the original walk w as fol-
lows:

Pr[w’ never visits Cy and |w’| < /]
w/

Pr[fl] =

< Pr[w never visits C,] < e~%/?
w’
To bound Pr,,[£3], we start with the following ob-
servation. Let 7 be an ¢'-step random walk from any
vertex 0 on Greg and 7/ be an ¢'-step random walk

from the same ¢ on G’. We have

Pr[r only uses edges in E} and never visits C]
T

.. 1
< Pr[r’ never visits Cs] < 3
T-I
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since each walk contained in the LHS event is also
contained in the RHS event, and the walk has greater
probability mass in the RHS than in the LHS.

We now think of w as 3ak consecutive ¢'-step ran-
dom walks in éreg. We call each ¢'-step random walk
a segment. We say that a segment is bad if the walk
in that segment only uses edges in £ and never vis-
its C's. From the above observation, a segment is bad
with probability at most 1/2, even conditioned on the
previous segments of the walk. By a Chernoff bound,
we have Pr,, [# of bad segments > 2ak] < 2~ (ak)

However, note that any walk in €5 contains at least
2ak bad segments, so

Pr[€3] < Pr[# of bad segments > 2ak] < 27%(@k),
w w

In sum, we have Pr,[w doesnotvisit S] <
Pry[E1] 4 Pry[E2]+Pry [E3] < O(aeé’k2)+e*a/4+
2-Uak) < 1/2 for ¢ = (ndk)~° and a sufficiently
large choice of the constants c and a.

|

Let M,eg be the transition matrix for the random
walk on Gieg, and let 7., be the (uniform) station-
ary distribution on the (strongly) connected compo-
nent V{ of Greg. As Greg is 1/2-1azy, to apply Lemma
4.6, it remains to check M,eg (51, 52) > 1/(8|C5|) for
all 81,82 € Cs. Recall that M'(31, 82) > 1/(6|Cs)).
Note that we do not remove any edges in V' in the
construction, and the out-degree increases by only
14 O(ke) factor. SO Myeg(51,82) > 1/((14+0(ke))-
6|Cs|) > 1/(8|Cs]). Therefore, by Lemma 4.6,
Vrreg (Greg) > 1/(211 ’ (Ereg)Q) = 1/pOIY(na d, k)

Let Nyeg be the number of vertices in G, and
D.cg = (14 6ke)dD be the degree of Gres. We sum-
marize the properties of G.cg as follows.

1. Greg has at most O(keDregNyeg) additional
edgesto G'.

2. Gheg preserves the connectivity of C and Cy.

3. Gieg has short mixing time. The spectral gap of
Ghreg 1S Yoy (Greg) = 1/poly(n, d, k).

4 1CLIGI 2 N/E > Nigg/(2k), and
Wreg(cs)aﬂ—reg(ct) > 1/(2k).

4.3 Obtain a consistent labelling

The goal of this stage is to obtain a “consistent la-
belling” of edges so that we can apply the pseudoran-
dom walk generator of [16] in next stage. We achieve
it by applying a simple [ift operation to the graph.’

"The lift operation defined here is not the same as the “lifts” of

(2]
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Given a labelled graph H, the operation will output
a labelled graph L(H) preserving the connectivity of
H. When H is d-regular, the lifted graph L(H) is
simply the (“tensor” or “AND”) product with a d-
clique (with self-loops), so L(H) has the same spec-
tral gap as H. Furthermore, we can consistently label
L(H). Hence, if we applied the operation to G, the
resulting graph Geon = L(Greg) Would be a consis-
tently labelled regular graph with short mixing time.
However, since we do not know how to compute
Gheg in logspace, our algorithm will compute G” =
L(G') instead. G" is not regular and we do not know
its mixing time. Fortunately, we are able to argue that
the behavior of short (pseudo)random walks on G/
and G, are very “similar”, so that we can apply the
pseudorandom walk generator to G” instead of Geop.
We start with a discussion about labellings.

Labelling. Let H be a digraph with n vertices such
that every vertex has out-degree at most d,; and in-
degree at most di,. A two-way labelling of H gives
each edge (v,w) € H an outgoing label of v in
[dout], and an incoming label of w in [di,] such that
the outgoing (resp., incoming) labels of each vertex
v € H are all distinct. Such a graph together with its
two-way labelling can be specified by a rotation map
Roty : [n] X [douwt] — ([n] X [din]) U {L}, where
Roty(v,i) = (w, ) if there is an edge numbered i
leaving v and it equals the edge numbered j entering
w, and Rot g (v,4) = L if there is no edge numbered
1 leaving v. We say a rotation map Roty has degree
dif din = dout = d.

Note that we can compute a degree-D,., rotation
map Rotgs of G’ in logspace. Furthermore, Rotg-
can be extended to a rotation map Rotg,,, of Gheg in
such a way that for every edge present in both G’ and
Gieg, it has the same outgoing and incoming labels in
G’ and Gheg. In the following discussion, we assume
G’ and G,eg are associated with rotation maps Rotg-
and Rotg,,, that are compatible in this sense.

A consistent labelling of a d-regular graph H gives
each edge only one label in [d] such that for each ver-
tex v € H, all of the edges leaving (resp., entering)
v have distinct labels. Hence, in terms of rotation
maps, Roty defines a consistent labelling iff for all
v,4, Rotg (v,7) = (w, ) for some w.

We define the lift operation in terms of rotation
maps as follows.

Definition 4.8 Let H is a two-way labelled graph on
n vertices with rotation map Roty : [n] x [d] — [n] x
[d). The lift L(H) is a graph on [n] x [d] vertices
whose rotation map Rotr, ) : ([n] x [d]) x [d?] —
([n] x [d]) x [d?] is as follows:
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ROtL(H)((U; k), (i,7)):

1. If Rotg (v, k + i) = (w,1), output ((w,l + j
mod d), (i, j))

2. IfRoty(v,k +1i) = L, output 1.

where all arithmetic on elements of [d)] is taken mod-
ulo d.

It is clear that Rotp(y) can be computed in
logspace if Roty can. We can think of the operation
as follows. The operation lifts each vertex in H to a
cloud in L(H). A vertex (v,k) in L(H) is the k-th
vertex in the cloud of v. Staying at vertex (v, k) in
L(H) can be interpreted as staying at vertex v in H
and facing toward the k-th edge. Phrased in this way,
the (4, 7)-th neighbor of vertex (v, k) is obtained by
the following steps. Starting at vertex v and facing to-
ward k-th edge in H, we (i) turn to (k+17)-th edge, (ii)
go across the (k+i)-th edge to vertex w and face to the
[-th edge, and then (iii) turn to the ({+7)-th edge of w.
We call step (ii) the H-step of Rot iy ((v, k), (4, 7)).
Note that a H-step is simply following an edge of H.

It is easy to check that Rot 7y is a legal two-way
labelling. All incoming edges of vertex (w,!) have
distinct incoming labels because the above procedure
is invertible. Indeed, if an incoming edge of (w,!) is
labelled (i, j), then in the second step, it must come
from an edge with incoming label [ — j at vertex w
in H. Since H is two-way labelled, there is at most
one such edge, say, from the k-th outgoing edge of
vertex v. Thus, the only edge incident to (w,[) with
incoming label (i, j) is (v, k — 7).

Lemma 4.9 If H is d-regular, then

1. L(H) is consistently labelled.
2. y(L(H)) = ~(H).

Proof. The proof can be found in the full version of
the paper [4]. |

By Lemma 4.9, Gcon = L(Gheg) is a consistently
labelled (Nyeg - Dreg)-vertex, Dfeg -regular graph with
the same spectral gap as Gheg (With respect to the
(uniform) stationary distribution 7, on the union of
clouds corresponding to vertices in V;.) Let C, =
Cs X [Dheg] and C, = C, x [Dreg] be the cloud
of s and t in G”. We have Wcon(és) = Treg(Cs)
and 7TCOH(C~}) = meg(Ct). Let us now consider
G" = L(G'). Ttis easy to check from the definition
that G” preserves the connectivity of C;; and C}, and
every path from C, to Cy in G” can be projected to a

path from s to ¢ in G.
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We now study the difference between G, and
G". From the fact that the rotation maps of Gyeg and
G’ are compatible, it follows that the rotation maps of
their lifts Geon = L(Greg) and G” = L(G) are also
compatible. Moreover, Rotg ((v, k), (i,7)) = L iff
Rotgs (v, k+i) = L. Thatis, an edge of Goy, is miss-
ing in G" iff the corresponding Gcg-step is missing in
G'. Let B be the set of pairs (v, k) € [Nyeg] X [Dreg]
such that Rotgr (v, k) = L. Note that the size of B is
only O(keDyeg Nyeg)-

To summarize, in this stage the algorithm first
computes a rotation map Rotg: of G’, and then com-
putes G = L(G’) in logspace. Let Neon = Nyeg -
D¢ be the number of vertices in Geon, and Deon =
D2 be the degree of Gcon. We have the following

reg
properties.

1. Geon has short mixing time. The spectral gap
of Gcon is ’Yﬂ'con(Gcon) - ’Yﬂ'reg(Greg) -
1/poly(n,d, k).

2. In both G’ and Gon, the clouds C and C; are
connected, and every path from Cs to Cy in G
can be projected to a path from s to ¢ in G in
logspace.

3. An edge of Geop is also an edge of G iff the
Gieg-step of the edge is not in B. The size of B
is only O(keDyegNreg)-

4. |és|7 |¢t| 2 Ncon/(2k)’ and '/Tcon(és)a
Teon(Ct) > 1/(2F).

4.4 Find a path using the pseudoran-
dom walk generator of [16]

We are ready to apply the pseudorandom walk gen-
erator of [16] to G” to find a path from s to ¢ in G.

Lemma 4.10 ([16]) For every N,D € N, §,v > 0,
there is a generator PRG =PRGy p 5 : {0,1}" —
[D])* with seed length r = O(log(ND/év)), and
walk length £ = poly(1/v)-log(ND/§), computable
in space O(log(ND/67)) such that for every (con-
nected) consistently labelled N-vertices D-regular
digraph G with spectral gap v and every vertex s in
G, taking walk PRG(U,) from s ends at a distribution
d-close to uniform (in variation distance).

Let us first apply the above PRG to Gy Set § =
1/(4k). Note that Neon, Deon = poly(n,d, k,1/¢),
and v = 7r..(Geon) = poly(n,d, k). Hence,
PRG is computable in logspace, the seed length r
is logarithmic, and the walk length ¢ = poly(1/~) -
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log(ND/é) < (ndk)® for some constant a (inde-
pendent of the constant ¢ in ¢ = (ndk)~°.) Let us
apply PRG(U,.) to G¢on with initial distribution uni-
form over C. Therefore, the probability that the walk
ends in C; is at least 1/(2k) — 0 = 1/(4k). In par-
ticular, this implies there is a vertex § € C’S, a vertex
t € Cy,and aseed z € {0,1}" such that PRG(z) is a
path from 5 to £ in Geop.

We next show that the PRG can produce a path
from Cy to Cy such that all edges in the path are also
edges in G”. It implies that when we apply PRG to
G", we can find a path from C, to C;, which can be
projected to a path from s to ¢ in G, as desired.

Let po be the uniform distribution on C’S. Let

(€1,...,e¢) € [Deon]® be any fixed sequence of
edge labels specifying a walk. Starting from pg, let
p1,-..,pe be the distribution after each step. Since

Geon is consistently labelled, each p; is a uniform
distribution on some set of size |Cs|. Now, consider
one step that goes from p; to p;41 using edge label
e;. Note that for any two distinct 91,92 € Geons
the Gyeg-steps of Rote,,, (01, €;) and Rotg,,, (U2, €;)
are also distinct, so the probability that the Geq-
step of i-th step is in B is at most |B|/|Cs| <
O(keNecon)/(Neon/(2k)) = O(k?¢c). By a union
bound, the probability that an /-step walk ever uses
an edge whose Geg-step is in B is at most

0-0(k%*) < (ndk)® - O(K* - (ndk)™¢) < ﬁ
where we set ¢ = a + 3. Note that if a walk only
uses edges whose Geg-step is not in 5, then all edges
are actually in G” and thus the walk is also a walk in
G". Since the above inequality holds for every fixed
walk (eq,...,es), it holds for a pseudorandom walk
starting from py. Hence,

Pr[PRG(U,.) ends in C; and uses only edges in G”']

1
> — —(-0(k%) > 0.
> = 0 O(k%)
We summarize the algorithm and show how it uses
PRG to solve KNOWN-STATIONARY FIND PATH in

deterministic logspace.
1. Compute G’ from G as described in stage 1.

2. Compute a two-way labelling of G’ and G” =
L(G") as described in stage 3.

3. For each vertex § € Cy and seed = € {0,1}",
compute the walk PRG(z) starting from § in
G", and project the path to G' (which might fail
due to there being no edge with a particular label.
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4. If we find a path from s to ¢, then output the path.

The algorithm runs in deterministic logspace be-
cause every step does. Since the probability that a
pseudorandom walk in Gop starting from uniform
distribution on C, ends in C; and uses only edges
in G” is positive, there exists some § € C, and
x € {0, 1}" such that the walk PRG(x) starting from
5 will end in C;. Such a path can be found by our
algorithm and projected to a path from s to ¢ in G.

4.5 Tolerating additive error in the
input stationary distribution

We show that our algorithm still works when the
input stationary distribution has a small additive er-
ror 6 = 1/poly(n,d, k). There are two places in the
proof we need to take care of this error.

Observe that the only place our algorithm uses the
input stationary distribution is in the first stage. We
used the input stationary distribution to define the
vertex and edge blow-up factors a(v) and b(v), and
showed in Lemma 4.1, 4.3, and 4.4 that G’ is nearly
regular. As the purpose of that analysis is to tolerate
the round-off error as compared to the ideal construc-
tion, we can expect that our algorithm will still work
when the error of the input stationary distribution is as
small as the round-off error. Formally, it is not hard to
check that when ¢ is small enough (e.g., 6 = 1/N D),
the above three lemmas are still true.

In Stage 2, we argued that since 7 (13) = 0, all ver-
tices v € Vs are “deleted” in G’. When the input sta-
tionary distribution has some additive error, the cor-
responding vertex set V3 in G’ will be nonempty be-
cause the blow-up factors a(-) and b(-) are no longer
zero. However, as long as the size of V5 is small,
say O(eN) vertices and O(¢ N D) edges, we can sim-
ply delete V5 from G, and still set Vg = V{ U V5,
while maintaining all properties listed at the end of
Section 4.2. When the error § is small enough, say
d < 1/ND, we have a(v) = [p, - N] = 1 and
b(v) = [py - ND] = 1forevery v € V3, so we delete
at most n < O(eN) vertices and nd < O(eND)
edgesin G'.

Note that in the rest of the proof, we do not use
the input stationary distribution. Therefore, our algo-
rithm solves 6-KNOWN-STATIONARY S-T CONNEC-
TIVITY and 6-KNOWN-STATIONARY FIND PATH for
0 = 1/N D in deterministic logspace.

Acknowledgements

We thank the CCC ’07 reviewers for helpful com-
ments on the presentation.

IEE |-:

COMPUTER

SOCIETY



References

[1]

(3]

(5]

[6]

(7]

[10]

R. Aleliunas, R. M. Karp, R. J. Lipton,
L. Lovasz, and C. Rackoff. Random walks,
universal traversal sequences, and the complex-
ity of maze problems. In 20th Annual Sym-
posium on Foundations of Computer Science,
pages 218-223, San Juan, Puerto Rico, 29-31
Oct. 1979. IEEE.

A. Amit, N. Linial, J. Matousek, and E. Rozen-
man. Random lifts of graphs. In SODA, pages
883-894, 2001.

M. Blum and S. Micali. How to generate crypto-
graphically strong sequences of pseudo-random
bits. SIAM Journal on Computing, 13(4):850—
864, Nov. 1984.

K.-M. Chung, O. Reingold, and S. Vadhan. S-T
connectivity on digraphs with a known station-
ary distribution. Electronic Colloquium on Com-
putational Complexity Technical Report TRO7-
30, March 2007.

J. A. Fill. Eigenvalue bounds on convergence
to stationarity for nonreversible markov chains
with an application to the exclusion process. An-
nals of Applied Probability, 1:62-87, 1991.

I. Haitner, D. Harnik, and O. Reingold. On the
power of the randomized iterate. In CRYPTO,
pages 22-40, 2006.

R. Impagliazzo, V. Kabanets, and A. Wigderson.
In search of an easy witness: exponential time
vs. probabilistic polynomial time. Journal of
Computer and System Sciences, 65(4):672—-694,
2002.

P. Indyk. Stable distributions, pseudorandom
generators, embeddings and data stream com-
putation. In 41st Annual Symposium on Foun-
dations of Computer Science (Redondo Beach,
CA, 2000), pages 189-197. IEEE Comput. Soc.
Press, Los Alamitos, CA, 2000.

V. Kabanets and R. Impagliazzo. Derandomiz-
ing polynomial identity tests means proving cir-
cuit lower bounds. Computational Complexity,
13(1-2):1-46,2004.

E. Kaplan, M. Naor, and O. Reingold. Deran-
domized constructions of k-wise (almost) inde-
pendent permutations. In APPROX-RANDOM,
pages 354-365, 2005.

Twenty-Second Annual IEEE Conference on Computational Complexity (CCC'07)
0-7695-2780-9/07 $20.00 © 2007 IEEE

[11]

[12]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

M. Mihail. Conductance and convergence of
markov chains: a combinatorial treatment of ex-
panders. In Proc. of the 37th Conf. on Foun-
dations of Computer Science, pages 526-531,
1989.

N. Nisan. Pseudorandom generators for
space-bounded computation. Combinatorica,
12(4):449-461, 1992.

N. Nisan and A. Wigderson. Hardness vs ran-
domness. Journal of Computer and System Sci-
ences, 49(2):149-167, Oct. 1994.

R. Raz and O. Reingold. On recycling the ran-
domness of the states in space bounded compu-
tation. In Proceedings of the Thirty-First Annual
ACM Symposium on the Theory of Computing,
Atlanta, GA, May 1999.

0. Reingold. Undirected st-connectivity in log-
space. In Proceedings of the 37th ACM Sympo-
sium on Theory of Computing, pages 376383,
2005.

0. Reingold, L. Trevisan, and S. Vadhan. Pseu-
dorandom walks in regular digraphs and the RL
vs. L problem. In Proceedings of the 38th An-
nual ACM Symposium on Theory of Computing
(STOC ‘06), pages 457-466, 21-23 May 2006.
Preliminary version on ECCC, February 2005.

M. Saks and S. Zhou. BP,SPACE(S) C
SPACE(S). Journal of Computer and System
Sciences, 58(2):376-403, 1999. 36th IEEE
Symposium on the Foundations of Computer
Science (Milwaukee, WI, 1995).

A. Sinclair and M. Jerrum. Approximate count-
ing, uniform generation and rapidly mixing
Markov chains. Inform. and Comput., 82(1):93—
133, 1989.

D. Sivakumar. Algorithmic derandomization via
complexity theory. In Proceedings of the Thirty-
Fourth Annual ACM Symposium on Theory of
Computing, pages 619-626 (electronic), New
York, 2002. ACM.

V. Trifonov. An O(log n log log n) space algo-
rithm for undirected st-connectivity. In STOC,
pages 626-633, 2005.

A. C. Yao. Theory and applications of trapdoor
functions (extended abstract). In 23rd Annual
Symposium on Foundations of Computer Sci-
ence, pages 80-91, Chicago, Illinois, 3—5 Nov.
1982. IEEE.

IEE |-:

COMPUTER

SOCIETY



